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TORIC SYMPLECTIC STACKS
BENJAMINHOFFMAN
Abstract. We give an intrinsic definition of compact toric symplectic stacks, and
show that they are classified by simple convex polytopes equipped with some
additional combinatorial data. This generalizes Delzant’s classification of compact
toric symplectic manifolds. As an application, we show that any compact toric
symplectic stack can be deformed to an ineffective toric orbifold.
1. Introduction
A compact connected 2n-dimensional symplecticmanifold (M, ω) is toric if there
is an effective Hamiltonian action on M by an n-dimensional torus T. The image
of M under the moment map µ is a convex polytope in t∗, the linear dual of the Lie
algebra t of T. The moment polytope has these three propertes:
• It is simple, meaning there are n facets meeting at every vertex.
• It is rational, meaning that normal vectors to the facets of µ(V) can be
chosen in the cocharacter lattice Hom(S1, T)  Zn in t  Rn .
• It is smooth, meaning that at each vertex v of µ(M), the primitive normal
vectors to the facets meeting at v form a Z-basis of Hom(S1, T).
In [7], Delzant showed that the assignment taking (M, ω, µ, T) to its moment
polytope µ(M) ⊂ t∗ gives a one-to-one correspondence between the set of 2n-
dimensional toric symplecic manifolds (up to isomorphism), and the set of n-
dimensional polytopes which are simple, rational, and smooth (up to the action of
Rn ⋊ Gl(n, Z) on t∗).
In the proof of his theorem, Delzant showed how to reconstruct a compact toric
symplectic manifold from its moment polytope. If one follows this construction,
beginning with a polytope which is simple and rational, but not smooth, then one
recovers not a manifold, but an orbifold. Toric symplectic orbifolds were defined
and studied in [17]. The authors proved a generalization of Delzant’s theorem:
compact toric symplectic orbifolds are classified by simple rational polytopes, with
facets labeled by positive integers.
A natural question is what happens when one begins Delzant’s construction
with a polytope which is simple, but neither rational nor smooth. In this case, one
recovers not an orbifold but an étale differentiable stack, equipped with an action
of a stacky torus (see Section 3). The two goals of the present paper are to give an
intrinsic definition of a compact toric symplectic stack, and to prove Thereom 6.1,
which is a generalization of Delzant’s theorem to this context. Theorem 6.1 states
that compact toric symplectic stacks are classified by simple polytopes, decorated
with some additional combinatorial data.
Compact toric symplecticmanifolds are beloved examples in the study ofHamil-
tonian group actions, partly becausemuch of the symplectic geometry of a compact
toric symplectic manifold M can be translated into the combinatorics of its moment
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polytope. For instance, the T-equivariant cohomology of M and the Liouville vol-
ume of (M, ω) can be read from the polytope µ(M). One possible application of the
present work is a description of the geometry of compact toric symplectic stacks in
terms of their moment polytopes.
This connection between non-rational polytopes and symplectic geometry has
been investigated before, for instance in [14, 18, 23, 25]. Our approach differs from
these in several important respects. First, we give an intrinsic (atlas-independent)
definition of compact toric symplectic stacks. In [25] for instance, the authors
assume the existence of a presymplectic atlas with certain restrictions on the null
foliation of the presymplectic form. Because we begin with an intrinsic definition
of compact toric symplectic stacks, our approach to proving our classification
Theorem 6.1 is fundamentally different from the proof of the related Theorem 3.6
in [25]. Similarly, our Theorem 5.1 says that the image of a compact toric symplectic
stack under the moment map is a simple convex polytope. Convexity is addressed
by [18] and [25]; however, these approaches require that the stack in question has
an atlas of a particular form. Our proof of Theorem 5.1 works with the intrinsic
definition of a compact toric symplectic stack in full generality.
Second, our approach differs from others in that we allow for ineffective stacks,
which are stacks with a non-trivial global isotropy group. In particular, the notion
of a quasilattice was first introduced in [23], but there it was assumed that the
structure map ∂ : Q → Rn is injective (in the notation of Sections 2 and 3).
Finally, we extend Delzant’s construction to allow for one-parameter families of
polytopes and compact toric symplectic stacks. As a consequence, we find that
any compact toric symplectic stack can be deformed to an ineffective compact toric
symplectic orbifold. An example of a one-parameter family of toric quasifolds
(stacks) was given by Battaglia, Prato, and Zaffran in [1].
The theory of toric algebraic stacks has been developed by several sources, and
in the most generality by Geraschenko and Satriano in [8] and [9]. It is illuminating
to compare their toric algebraic stacks (over C) to our compact toric symplectic
stacks. Toric algebraic stacks have an action of an algebraic group stack, while
compact toric symplectic stacks have an action of a Lie group stack which is often
the quotient of a compact torus by a dense immersed subgroup. In particular, by
Definition 2.16 of [8], any toric algebraic stack has an open dense substack which is
equivalent (as an algebraic stack) to an algebraic group stack. On the other hand,
compact toric symplectic stacks have an open dense substack which is equivalent
(as a differentiable stack) to the stacky quotient of (C×)n by a subgroup which can
be dense, immersed, and non-algebraic. There are thenmany examples of compact
toric symplectic stacks which do not arise in the algebraic context.
The paper is organized as follows. In Section 2, we recall some background on
Hamiltonian actions on symplectic stacks, which was developed in detail in [13].
In Section 3 we define stacky tori and compact toric symplectic stacks. In Section
4 we show that compact toric symplectic stacks are locally presented by certain
action groupoids. In Section 5 we define the stacky moment polytope of a compact
toric symplectic stack. In Section 6 we state the main theorem of this article, which
is then proved in Sections 7 through 9. In particular, Sections 7 and 8 deal with
the uniqueness part of Theorem 6.1, while Section 9 concerns the existence part, as
well as deformations of polytopes.
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2. Background on Hamiltonian actions on symplectic stacks
In this section we very briefly recall some background material on Hamiltonian
actions on stacks. This was developed in detail in [13], and the reader is referred
there for more information. Some of the material is motivated by [16]. For back-
ground on differentiable stacks in general we refer the reader to [4, 19, 22].
Lie groupoids. Lie groupoids X• have the source, target, identity, inverse, and
multiplication structure maps denoted by s, t , u, (·)−1 , and ◦, respectively. We
assume that X0 and X1 are both Hausdorff and second-countable. If G acts on X,
then we write G ⋉ X ⇒ X for the action groupoid. Sometimes we will denote a
groupoid by its manifold of arrows, so for instance G ⋉ X ⇒ X may be written
G ⋉X. A smooth manifold M will be identified with the trivial groupoid M ⇒ M.
If X• is a Lie groupoid and x ∈ X0, then the isotropy group of x is the group
s−1(x) ∩ t−1(x) of arrows which start and end at x.
Let LieGpd denote the 2-category of Lie groupoids; see [20] for a detailed
description of its morphisms and 2-morphisms.
Unlessotherwisenoted, the symbol⋉will beusedexclusively for actiongroupoids,
and not for semidirect products of groups.
Morita equivalence. LetX be amanifold andY• be a Lie groupoid, and letφ : X →
Y0 be a smooth map. Then φ is essentially surjective if t ◦ pr1 : Y1 ×s ,Y0,φ X → Y0,
which sends (g , x) 7→ t(g) is a surjective submersion. More generally, a morphism
φ• : X• → Y• of Lie groupoids is called essentially surjective if the map φ0 is
essentially surjective. A morphism φ• : X• → Y• is fully faithful if the square
X1 Y1
X0 × X0 Y0 × Y0
←
→
φ1
←
→(s ,t)
←
→ (s ,t)
←
→
φ0×φ0
is a fibered product of manifolds. If φ• is both essentially surjective and fully
faithful then φ• is a Morita morphism. If there is a zigzag of Morita morphisms
X• → Y• and X• → Z•, then Y• and Z• are Morita equivalent. Morita equivalence
is an equivalence relation on Lie groupoids, and Morita equivalent groupoids will
present equivalent differentiable stacks (see Theorem 2.1 below).
Let X be a manifold, Y• a Lie groupoid, and φ : X → Y0 an essentially surjective
map, then define the pullback groupoid φ∗Y• : (φ∗Y1 ⇒ φ∗Y0  X). The space of
arrows of φ∗Y• is
φ∗Y1 : X ×φ,Y0 ,s Y1 ×t ,Y0 ,φ X
 { (x , g , y) ∈ X × Y1 × X | φ(x)  s(g) and t(g)  φ(y) }.
Then φ∗Y• is Morita equivalent to Y•.
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Differentiable stacks. We consider the 2-category Stack stacks over the category
Diff of smooth manifolds, with the open cover Grothendieck topology; see [19,
Section 2] for further introduction to these notions in general. Equivalence of
stacks will be denoted by the symbol ≃. We denote stacks and their morphisms by
bold letters, eg X and µ : X→ R.
Denote by B the 2-functor which takes a Lie groupoid X• to its associated
stack BX•; see [19, Section 3.1] and [22, Definition 3.3, Section 12] for a detailed
description of this functor. If X is a stack over Diff, then X is a differentiable stack if
there exists a Lie groupoid X•, and an equivalence BX• ≃ X. In this case we say
X• presents X, and the equivalence BX• ≃ X is a presentation of X. By the 2-Yoneda
lemma, if M is a smooth manifold we identify M  BM. Let DiffStack denote the
full sub-2-category of Stack, whose objects are differentiable stacks. Denote by⋆ a
terminal object in Stack.
The following makes more precise the relationship between Lie groupoids and
differentiable stacks. It is a restatement of the discussion following [19, Proposi-
tion 60]. (See also [2, Theorem 2.2]).
2.1. Theorem. Let φ• : X• → Y• be a map of Lie groupoids. Then Bφ• : BX• → BY• is
an equivalence of stacks if and only if φ• is a Morita morphism. Any map φ : BX• → BY•
of differentiable stacks is 2-isomorphic to a map of the form
BX•
(Bψ•)−1
−−−−−→ BX′•
Bψ′•
−−→ BY• ,
where ψ• : X′• → X• is a Morita morphism, and (Bψ•)
−1 is any inverse equivalence to
Bψ•. Consequently, BX• is equivalent to BY• if and only if X• is Morita equivalent to Y•.
2.2.Remark. Theorem 2.1 can be strengthened using the language of bicategories,
following [24]. Let LieGpd[M−1] denote the bicategory formed by formally invert-
ing the class M of Morita morphisms in LieGpd. Then B : LieGpd → DiffStack
extends to a map of bicategories Bloc : LieGpd[M−1] → DiffSt, which is an equiv-
alence of bicategories.
An atlas of a stack X is a representable surjective submersion from a manifold
X → X. ThenX is presentedby theLie groupoidX×XX ⇒ X. Conversely, applying
B to the natural inclusion of Lie groupoids X0 → X• gives an atlas X0 → BX• of
the stack BX•.
To a differentiable stack X ≃ BX• we associate a topological space Xcoarse, the
coarse quotient. The coarse quotient is homeomorphic to X0/X1, which is the
topological space formed by identifying points of X0 which lie in the same X1-orbit.
This space typically fails to beHausdorff. Similarly, to amorphism of differentiable
stacks φ : X → Y we associate the morphism φcoarse : Xcoarse → Ycoarse of coarse
quotient spaces. The passage from differentiable stacks to their coarse quotients is
functorial [22, Proposition 4.15].
Let f : X → Rn be a function on a differentiable stack X. A point p ∈ Rn is a
regular value of f if, for every atlasX → X, the point p is a regular value of the smooth
map X → X
f
−→ Rn . A point x ∈ Xcoarse is a regular point of f coarse : Xcoarse → Rn if
for every groupoid presentation X1 ⇒ X0 → X, every point y ∈ X0 which is sent
to x under X0 → X0/X1  Xcoarse is a regular point of X0 → X
f
−→ Rn .
It is straightforward to show the following conditions are equivalent to the
definitions in the previous paragraph: A point p ∈ Rn is a regular value of f
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if there exists an atlas X → X such that p is a regular value of X → X → Rn .
And, a point x ∈ Xcoarse is a regular point of f coarse if there exists a groupoid
presentation X1 ⇒ X0 → X and a point y ∈ X0, such that y is sent to x under
X0 → X0/X1 → X
coarse and such that y is a regular point of X0 → X
f
−→ Rn .
Foliation groupoids and étale stacks. A Lie groupoid X• is étale if the source
map s is a local diffeomorphism. More generally, X• is called a foliation groupoid
if it is Morita equivalent to an étale Lie groupoid, or equivalently if it has discrete
isotropy groups (see [6, Theorem 1]). The name is due to the fact that the connected
components of X1 orbits form a foliation of X0. If F is the foliation of X0 by X1
orbits, then TF is a constant rank subbundle of TX0.
A differentiable stack X is étale if it is equivalent to BX•, where X• is an étale
groupoid. Then any groupoid presentation of X is a foliation groupoid. We do not
require that Xcoarse is Hausdorff.
A Lie groupoid X• is proper if the map (s, t) : X1 → X0 × X0 is a proper map. A
differentiable stackX is proper if it admits a presentation by a proper Lie groupoid.
If X• is an étale groupoid, and g ∈ X1, then g induces a germ γ(g) of a dif-
feomorphism of X0 which takes s(g) to t(g). We say X• is effective if γ(g)  γ(h)
implies g  h for all g , h ∈ X1. A differentiable stack X is effective if it admits a
presentation by an effective Lie groupoid X•.
A stack X is an orbifold if it is both proper and étale. If X is an effective stack
and an orbifold, then X is an effective orbifold. See [15, 21] for justification of this
terminology.
Basic vector fields and forms. Let X• be a foliation groupoid. For k ≥ 0, consider
the vector spaces of basic k-forms
Ω
k
0
(X•)  {ωX• : (ωX0 , ωX1) ∈ Ω
k(X0) ×Ω
k(X1) | s
∗ωX0  ωX1  t
∗ωX0 }
 {ω ∈ Ωk(X0) | s
∗ω  t∗ω}
Theexteriorderivative restricts toamap d : Ωk
0
(X•) → Ω
k+1
0
(X•) sending (ωX0 , ωX1 ) 7→
(dωX0 , dωX1 ).
Let F be the foliation of X0 by X1 orbits, and let N0  TX0/TF be the normal
bundle to TF . Let N1  TX1/(ker(ds) + ker(dt)). As a consequence of [13,
Lemma 5.3.2], N1 is a constant rank vector bundle over X1, and the source and
target maps induce isomorphisms s∗N0  N1  t∗N0 of vector bundles over X1.
The space of basic k-vector fields on X• is
Vectk
0
(X•)  {vX• : (vX0 , vX1 ) ∈ Γ(∧
k N0) × Γ(∧
k N1) | s
∗vX0  vX1  t
∗vX0}
 {v ∈ Γ(∧k N0) | s
∗v  t∗v}.
The Lie bracket on Vect(X0) × Vect(X1) descends to a Lie bracket on
Vect0(X•) : Vect10(X•).
2.3. Remark. It is typical [3, 11] to take use the Lie 2-algebra multiplicative vector
fields on X• as amodel for vector fields on the stackBX•; recall that amultiplicative
vector field is a Lie groupoid morphism v• : X• → TX• satisfying p• ◦ v•  idX• ,
where p• : TX• → X• is the vector bundle projection. It is shown in [13, Section 5.4]
that,whenX• is a foliationgroupoid, theLie 2-algebra ofmultiplicative vector fields
on X• is equivalent to the Lie algebra Vect0(X•) (as a Lie 2-algebra). In particular,
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we have the following invariance of basic vector fields and forms under Morita
equivalence.
2.4. Proposition. [13, Proposition 5.3.12] Let X• and Y• be foliation groupoids. A
Morita morphism φ• : X• → Y• induces
(i) an isomorphism φ∗• : Vect0(Y•)  Vect0(X•) of Lie algebras, and
(ii) an isomorphism φ∗• : Ω
•
0
(Y•)  Ω
•
0
(X•) of complexes.
If φ• and χ• are naturally isomorphic Morita morphisms, then φ∗•  χ
∗
•.
If vX• ∈ Vect0(X•) is a basic vector field on X• and ωX• ∈ Ω
k
0
(X•) is a basic k-form
on X•, then the contraction of ωX• by vX• is defined as
ιvX•ωX•  (ιvX0ωX0 , ιvX1ωX1 ) ∈ Ω
k−1
0
(X•),
where ιvXi ωXi : ιv˜Xi ωXi for any vector field v˜Xi ∈ Γ(TXi) lifting vXi ∈ Γ(Ni).
Contraction of basic multivector fields with basic 1-forms is defined similarly. It is
easy to check these definitions do not depend on the choice of lift v˜Xi .
0-Symplectic groupoids. A 2-form ω on a smooth manifold X is presymplectic if
dω  0 and if the subbundle kerω ⊂ TX is of constant rank. In this case, kerω can
be integrated to a foliation of X, called the null foliation. We will also denote it by
kerω.
A 2-form ωX• ∈ Ω
2
0
(X•) on a foliation groupoid X• is 0-symplectic if ωX0 is
presymplectic, and if the leaves of the null foliation kerωX0 are the connected
components of the orbits of X1 in X0. In particular, the forms ω0 and ω1 are
nondegenerate if and only if X• is étale. Being 0-symplectic is a Morita invariant
condition. As a consequence of the definition, contraction with a 0-symplectic
form induces an isomorphism Vect0(X•)  Ω10(X•).
2.5. Example. Let (X0, ωX0) be a presymplectic manifold, and let X1 ⇒ X0 be any
foliation groupoid with the property that the fibers of the source map s : X1 → X0
are connected, and the property that the X1 orbits in X0 are the leaves of kerω0.
Let ωX1  s
∗ωX0 . Then (X•, ωX• ) is 0-symplectic.
In particular, one may choose X• to be the monodromy groupoid or holonomy
groupoid of the foliation kerω0; for a description of these groupoids see [20,
Chapter 5.2].
Forms and vector fields on étale stacks. LetX be an étale stack, and let BX• ≃ X be
a fixed presentation of X by a foliation groupoid. Then by definition, the complex
of differential forms on X is
Ω
•(X)  Ω•
0
(X•).
If ωX• ∈ Ω
•
0
(X•), then we write BωX• ∈ Ω
•(X) to denote the corresponding form
on X. Similarly, the space of k-multivector fields of X is
Vectk(X)  Vectk
0
(X•).
Contraction of vector fields and forms on an étale stack X is defined as contraction
of basic vector fields and forms, on the level of presenting groupoids.
Due to Proposition 2.4, these definitions depend on the choice of presentation
BX• ≃ X only up to isomorphism.
2.6. Remark. There are equivalent definitions of Vect(X) and Ω•(X) given in Sec-
tions 5.7 and5.8 of [13],whichdonot require a choice of fixedpresentationBX• ≃ X.
For our purposes it will be enough to work with the description above.
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Symplectic stacks. Let X be an étale stack, and let ω ∈ Ω2(X). Then (X,ω) is
symplectic if it satisfies the following property: Given a presentation BX• ≃ X of X
and a basic form ωX• ∈ Ω
2
0
(X•)with BωX•  ω, then the form ωX• is 0-symplectic.
Lie 2-groups and their Lie algebras. A Lie 2-group G• is a strict group object in
the 2-category of Lie groupoids. That is, it is a group object in the 1-category of
Lie groupoids and their morphisms. The groupoid structure maps of G• are then
Lie group homomorphisms. In this article we consider only Lie 2-groups with G1
and G0 both abelian.
The Lie algebra of a foliation Lie 2-group G• is defined as the quotient
Lie(G•)  Lie(G0)/Lie(t)(kerLie(s)).
If Φ• : G• → H• is a morphism of Lie 2-groups which is also a Morita mor-
phism, then it Φ• is a Morita morphism of Lie 2-groups. It induces an isomorphism
Lie(Φ•) : Lie(G•)  Lie(H•).
A (strict) action of a Lie 2-group G• on a Lie groupoid X• is a pair of actions
G0 × X0 → X0 and G1 × X1 → X1 which assemble to a map of Lie groupoids
G• × X• → X•.
Crossedmodules. A crossed (Lie) module ∂ : H → G is a Lie group homomorphism
together with an action of G on H, subject to compatibility conditions which are
described in Section 6.3 of [13]. In the context of this article, both G and H will al-
ways be abelian, the action of G on H will always be trivial, and these compatibility
conditions will be automatically satisfied. A homomorphism of crossed modules
(∂ : H → G) → (∂′ : H′ → G′) is a pair of Lie group homomorphisms H → H′ and
G → G′ which preserve the crossed module structure.
There is an equivalence of 1-categories between the category of Lie 2-groups and
the category of crossed modules. In particular, to an abelian crossed Lie module
∂ : H → G one associates the Lie 2-group H ⋉ G ⇒ G. The groupoid structure of
H ⋉ G ⇒ G is that of an action groupoid, where the action of H on G is given as
h · g  ∂(h)g, for h ∈ H and g ∈ G. The group structure on H ⋉ G is the direct
product group structure. Conversely, to the abelian Lie 2-group G• one associates
the crossed module ∂ : s−1(e) → G0, where ∂ : t |s−1(e) is the target map restricted
to arrows whose source is the group unit of G0.
The axioms for an action of a Lie 2-group on a Lie groupoid can be formulated
in terms of crossed modules. An action of a crossed module ∂ : H → G on a Lie
groupoid X• consists of three actions: actions of G on X0 and X1, and an action of
H on X1. We will write these actions as
G × X0 → X0 (g , x) 7→ g · x ,
G × X1 → X1 (g , α) 7→ g · α,(2.7)
H × X1 → X1 (h , α) 7→ h ∗ α.
These actions are subject to compatibility conditions. When G and H are abelian,
they are as follows. If g ∈ G, h ∈ H, x ∈ X0, and α, α′ ∈ X1, then
g · u(x)  u(g · x); g · s(α)  s(g · α); g · t(α)  t(g · α);
g · (α ◦ α′)  (g · α) ◦ (g · α′);
s(h ∗ α)  s(α); t(h ∗ α)  ∂(h) · t(α);
h ∗ α  (h ∗ u(t(α))) ◦ α  (∂(h) · α) ◦ (h ∗ u(s(α))).
(2.8)
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Wewill freely pass between the languages of Lie 2-groups and crossed modules in
what follows.
Lie group stacks and their Lie algebras. In the context of this article, a Lie group
stack G will denote a (strict) group object internal to the category of differentiable
stacks. Since any G we consider will be étale and have a connected atlas, by the
main theorem of [27] there is no loss in generality in assuming thatG is strict. The
2-functor B then takes Lie 2-groups to Lie group stacks.
Equivalence of Lie group stacks is defined in Section 6.5 of [13]. If G• and G′• are
Lie 2-groups and BG• is equivalent to BG′• as a Lie group stack, then G• is Morita
equivalent to G′• as a Lie 2-group [13, Proposition 6.6.2]. A presentation of a Lie
group stackG by a Lie 2-group G• is an equivalence BG• ≃ G of Lie group stacks.
If G is presented by the Lie 2-group associated to the crossed module ∂ : H → G,
then we also say G is presented by this crossed module.
Given an étale Lie group stack G with a fixed presentation by a Lie 2-group
G•, define Lie(G)  Lie(G•). Since Morita equivalences of Lie 2-groups induce
isomorphisms of the associated Lie algebras, the Lie algebra Lie(G) depends on the
choice of the presentation G• only up to isomorphism. We will typically assume a
presentation ofG has been fixed. An equivalenceΦ : G→ G′ of stacky Lie groups
induces an isomorphism of their Lie algebras Lie(Φ) : Lie(G)  Lie(G′).
Axioms for an action of a Lie group stack on a differentiable stack are as in
Section 3.2 of [4]. However, by Theorem 2.10 below, in the context of this article we
can always assume an action of a Lie group stack on an étale stack comes from a
strict action on the level of their presenting groupoids.
Hamiltonian actions on 0-symplectic groupoids. A Hamiltonian Lie groupoid is
a tuple (X•, ωX• , G•, µX•), where (X•, ωX• ) is a 0-symplectic groupoid, G• is a
foliation Lie 2-group with G0 connected, and µX• : X• → Lie(G•)
∗ is a moment
map, satisfying the following conditions:
(i) G• acts on X•
(ii) If v ∈ g0  Lie(G0), then contracting the presymplectic form ωX0 with the
fundamental vector field vX0 gives the v-component of dµX0 :
〈dµX0 , v〉  ιvX0ωX0 .
(iii) The moment map µX0 intertwines the G0 action on X0 and the coadjoint
action of G0 on Lie(G•)∗ ⊆ Lie(G0)∗.
A pair (ΦX• : X• → X
′
•,ΦG• : G• → G
′
•) is a Morita morphism of the Hamiltonian
groupoids (X•, ωX• , G•, µX•) and (X
′
•, ωX′• , G
′
•, µX′•) ifΦG• is a Morita morphism of
Lie 2-groups, and ΦX• is a Morita morphism of Lie groupoids which preserves the
symplectic form and moment maps.
2.9. Example. Let (X0, ω0) be a presymplectic manifold. Assume G0 is a compact
torus, and let
n  {v ∈ Lie(G0) | ιvX0ω0  0}.
Given a map µX0 : X0 → (Lie(G0)/n)
∗, assume that (X0, ωX0 , G0, µX0) satisfies the
following:
(i) G0 acts on X0;
(ii) 〈dµX0v〉  ιvX0ωX0 for all v ∈ Lie(G0);
(iii) the map µX0 is invariant with respect to the G0 action on X0.
TORIC SYMPLECTIC STACKS 9
The tuple (X0, ωX0 , G0, µX0) is known as a presymplectic Hamiltonian G0-manifold.
In [13, Theorem 7.2.1], it was shown how to build a Hamiltonian Lie groupoid
from a presymplectic Hamiltonian manifold. Here we describe that construction,
in a simple case.
Let (X•, ωX• ) be a 0-symplectic groupoid with connected s-fibers integrating
(X0, ωX0 ), as in Example 2.5. Let N be the simply connected Lie group with
Lie algebra n. The inclusion n ֒→ Lie(G0) integrates to a map of Lie groups
∂ : N → G0, which is a crossed module. Let G• be the associated Lie 2-group; then
Lie(G•)  Lie(G0)/n. Then, there is a naturally defined action on G• on X•. Putting
µX1  s
∗µX0 , the tuple
(X•, ωX• , G•, µX•)
is a Hamiltonian Lie groupoid.
Hamiltonian actions on stacks. We now recall the intrinsic definition of a Hamil-
tonian stack. Since we will typically employ Theorem 2.10 below, we omit certain
details.
A (connected)Hamiltonian stack is a tuple (X,ω,G, µ), where (X,ω) is a symplectic
stack, G is an étale Lie group stack with Gcoarse connected, and µ : X→ Lie(G)∗ is
a moment map, satisfying the following conditions:
(i) G acts on X
(ii) If v ∈ Lie(G), then contracting the symplectic formω with the fundamen-
tal vector field vX gives the v-component of dµ:
〈dµ, v〉  ιvXω.
(iii) Themoment map µ intertwines theG action on X and the coadjoint action
of G on Lie(G)∗.
The fundamental vector field vX ∈ Vect(X) and the coadjoint action ofG on Lie(G)∗
are defined in general in Sections 6.9 and 6.10 of [13]. In the context of compact
toric symplectic stacks the coadjoint action is always trivial.
A pair (ΦX : X→ X′,ΦG : G→ G′) is an equivalence of the Hamiltonian stacks
(X,ω,G, µ) and (X′,ω′,G′, µ′) ifΦG is an equivalence of Lie group stacks andΦX
is an equivalence of stacks which preserves the symplectic form andmoment map.
If (X•, ωX• , G•, µX•) is a Hamiltonian groupoid, then (BX•,BωX• ,BG•,BµX• )
is a Hamiltonian stack. The following gives a partial converse. It summarizes
Theorem 6.8.1 and Theorem 7.3.2 of [13].
2.10. Theorem. Let G be an étale Lie group stack which acts on an étale stack X. Let G•
be a Lie 2-group presentation of G, and assume G0 is connected. Then
(i) There exists a presentation X• of X and a free action of G0 on X0, so that the
diagram 2-commutes:
(2.11)
G0 × X0 X0
G × X X.
←
→
←→ ←→
←
→
Here the horizontal arrows are the action maps and the vertical arrows are the
atlases.
(ii) Assume X• is a presentation of X and there is a (not necessarily free) action of G0
on X0 so that the diagram (2.11) 2-commutes. Then there is a (strict) action of
G• on X• which, on the manifolds of objects, is the original action of G0 on X0.
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(iii) Assume (X,ω,G, µ) is a Hamiltonian stack with BX• ≃ X and BG• ≃ G,
and assume the action of G on X lifts to a strict action of G• on X•, as in part
(ii). Then there is a unique 0-symplectic form ωX• ∈ Ω
2
0
(X•) and moment map
µX• : X• → Lie(G•)
∗ so that
(X,ω,G, µ) ≃ (BX• ,BωX• ,BG•,BµX• )
as Hamiltonian stacks.
In the situation that BX• ≃ X and BG• ≃ G satisfy the conclusion of Theo-
rem 2.10 (ii), then we will say that the action of G• on X• presents the action of G
on X.
2.12.Remark. It is natural to ask if Theorem 2.10 can be strengthened the following
form: Given an action of an étale Lie group stackG on an étale stack X, there exist
étale groupoids G• and X•, presentations BG• ≃ G and BX• ≃ X, and an action of
G• on X• which presents the action of G on X. The proof of [13, Theorem 6.8.1]
does not guarantee this is possible, but no counterexamples to this stronger claim
are known.
3. Toric Symplectic Stacks
In this section, we define stacky tori and toric symplectic stacks.
3.1.Definition. A 2-torus is a Lie 2-group which is Morita equivalent to a foliation
2-group G•, with the property that G0 is a torus and π0(G1) is finitely generated.
A stacky torus is an étale Lie group stack equivalent to BG•, where G• is a 2-torus.
A quasilattice ∂ : Q → V is a crossed Lie module, where V  Rn , Q is a finitely
generated abelian group, and ∂(Q) spans V as a vector space over R.
A quasilattice ∂ : Q → V is a crossedmodule, and so by definition it comes with
an action of V on Q. However, because V is connected and abelian, this action
is automatically trivial [13, Lemma 6.11.1]. Because Q is assumed to be finitely
generated, we have Ext1
Z
(∂(Q), ker∂)  0. Let us fix a splitting Q  ker ∂ × ∂(Q),
once and for all.
If ∂ : Q → V is a quasilattice, then the associated Lie 2-group Q ⋉ V ⇒ V is a
2-torus. Indeed, if Λ ⊂ ∂(Q) is a lattice in V, then the quotient map
(ker ∂ × ∂(Q)) ⋉ V → (ker ∂ × ∂(Q)/Λ) ⋉ V/Λ
is a Morita equivalence. Conversely, if G is a stacky torus, recall from [27, Defini-
tion 5.1] that π1(G) denotes the group of based loops S1 → G, modulo homotopy.
Due to [13, Proposition 6.11.3], the stacky torus G is presented by the quasilattice
π1(G) → Lie(G).
3.2. Definition. Let G be a stacky torus, and let (X,ω,G, µ) be a Hamiltonian
G-stack. It is a compact toric symplectic stack if the following hold:
(i) 2dimG  dimX.
(ii) Xcoarse is compact and connected.
(iii) The coarse reduced space (µcoarse)−1(p)/Gcoarse is homeomorphic to a
point, for all p ∈ µ(X).
(iv) If p ∈ µ(X) ⊂ Lie(G)∗ is a regular value of µ, and
x : ⋆→ µ−1(p) : X ×Lie(G)∗ {p}
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is a categorical point of X, then the action map G × ⋆ ֒→ G × µ−1(p) →
µ−1(p) is an equivalence of stacks.
(v) The set of regular points of µcoarse is open and dense in Xcoarse.
3.3. Remark. Conditions (i), (ii), and (v) are generalizations of the requirements
placed on a compact toric symplectic manifold. If (M, ω, G, µ) is a toric symplectic
manifold and p ∈ µ(M), then G acts transitively on µ−1(p). If p is a regular value of
µ, this action is also free. Conditions (iii) and (iv) are stacky reformulations of these
facts. In view of [13, Section 9], Condition (iv) is equivalent to the requirement
that, for each regular value p of µ, the stacky reduced space µ−1(p)/G is equivalent
(as a stack) to a point.
If (iii) and (iv) were not included as part of the definition of a compact toric
symplectic stack, then a classification along the lines of Theorem 6.1 would be
difficult: since non-Hausdorff manifolds can be thought of as stacks, one could
forma stack satisfying (i), (ii), and (v) by taking a compact toric symplecticmanifold
(M, ω, G, µ) and making it into a non-Hausdorff manifold by making a fixed point
of the G action into a double point. Or, more generally, by doubling any G-orbit.
3.4. Lemma. Let (X,ω,G, µ) be a compact toric symplectic stack. Fix a presentation X•
of X. Let p ∈ µ(X) and v ∈ Lie(G). If x , y ∈ µ−1X0(p), then
〈dµX0 |x , v〉  0 if and only if 〈dµX0 |y , v〉  0.
Proof. Let x′ ∈ Xcoarse be the image of x under X0 → X0/X1  Xcoarse; then
〈dµX0 |x , v〉 vanishes if and only if x
′ is a regular point of 〈µcoarse , v〉. It therefore
sufficient to prove the claim for a single choice of groupoid presentation X•. Fix a
presentation G• of G, with G0 connected. Following parts (i) and (ii) of Theorem
2.10, let us choose X• to be a presentation of X so that the action of G on X is
presented by an action of G• on X•. Let x , y ∈ µ−1X0 (p). By Definition 3.2 (iii), there
is some g ∈ G0 so that g · x is in the X1-orbit of y. Without loss of generality
we can assume g · x  y. Then, since G0 acts parallel to fibers of µX0 , we have
〈dµX0 |x , v〉  0 if and only if 〈dµX0 |y , v〉  0 QED
4. Local normal form
In this sectionwe show that compact toric symplectic stacks are locally presented
by an action groupoid, for an action of a discrete abelian group on a piece of a toric
symplectic manifold. This local structure informs many of the proofs which follow
in Sections 5-9. Most of the section is devoted to proving Proposition 4.1; this result
is combined with the local normal form for toric symplectic manifolds to give the
desired Theorem 4.8.
4.1. Proposition. Let (X,ω,G, µ) be a compact toric symplectic stack, and fix a quasilat-
tice ∂ : Q → Rn presenting G. For p ∈ µ(X), there is an open neighborhood U ⊂ µ(X) of
p, and a lattice Λ ⊂ ∂(Q) in Rn so that so that
(µ−1(U),ω,G, µ) ≃ (BZ• ,BωZ• ,BG•,BµZ• )
as Hamiltonian G-stacks. Here, G0  R
n/Λ  Tn and G1  (ker ∂ × ∂(Q)/Λ) ⋉ G0
is an étale presentation of G. The groupoid Z• is étale and Z0 is connected. The tuple
(Z•, ωZ• , G•, µZ• ) is a Hamiltonian G• groupoid, and G0 acts effectively on Z0.
12 BENJAMIN HOFFMAN
Proof. The structure of the proof is as follows. After some initial setup, we prove
four lemmas. In Lemma 4.2 we build an étale presentation of the preimage under
µ of some small open set U ⊂ µ(X). In Lemma 4.3 we show that the Hamiltonian
vector fields of µ can be integrated on this presentation (possibly after shrinking
U). The action ofRn coming from these vector fields descends to an effective action
of a torus according to Lemma 4.5; for this we use Lemma 4.4, which says that the
regular values of µ(X) are connected in µ(X). The proposition then quickly follows.
Fix an étale presentation G˜• of G, with G˜0  Rn/Zn  Tn . Let X• be a presen-
tation of X so that the action of G on X comes from an action of G˜• on X•, with
the action of G˜0 on X0 free, as in Theorem 2.10. Let x ∈ µ−1X0 (p). Choose a basis
(v i)i∈[n] of g  Lie(G)  Rn so that 〈dµX0 |x , v
i〉  0 for i  1, . . . , k, and so that the
covectors 〈dµX0 |x , v
i〉, i  k + 1, . . . , n are linearly independent. We can assume
that the vectors v i are contained in the cocharacter lattice Hom(S1, G˜0)  Zn ⊂ g,
for i  k + 1, . . . , n. Decompose g as
g  s + k
where s  span{v i | i  1, . . . , k} and k  span{v i | i  k + 1, . . . , n}. Let S  Rk be
the simply connected group with Lie algebra s, and let K ֒→ G be the connected
subgroup of G with Lie algebra k. Then K is a compact torus of dimension n − k,
and we have an immersion S → G˜0 induced by the inclusion s ֒→ g. Note that x is
a fixed point of the Hamiltonian action of S on X0.
Let W be a small open neighborhood of x on which k acts nontangently to the
null foliation kerωX0 . By replacingW with S ·W , we can assume thatW is saturated
by S orbits. In doing so, we still have that k acts nontangently to the null foliation
on all of W .
Let D be the subbundle of TW spanned by kerωX0 and the fundamental vector
fields of k. Let Σ be a transversal to D passing through x. By shrinking W we can
assume Σ is a connected immersed submanifold of X0.
4.2. Lemma. The action map
a : K × Σ→ µ−1X•(µX0(W))
is essentially surjective. So, the pullback groupoid Y• over Y0 : K × Σ is an étale
presentation of µ−1(µX0(W))  µ
−1(µY0(Y0)).
Proof. The map a factors as
K × Σ K · W µ−1X•(µX0(W))
←
→ ←֓ →
ι
Wefirst show the inclusion ι is essentially surjective; for this, we need to check that
t ◦ pr2 : (K · W) ×a ,X0 ,s X1 → µ
−1
X0
(µX0(W))
is a surjective submersion. It is a submersion onto its image because K · W is open
in X0. To check it is surjective, let y ∈ µ−1X0(µX0(W)). By Definition 3.2 (iii), there is
some g ∈ G˜0 and x′ ∈ W so that g · x′ is in the X1-orbit of y. BecauseW is saturated
by S orbits, we can assume g ∈ K. So there is g · x′ ∈ K ·W which is in the X1-orbit
of y, as desired.
Now, consider the pullback groupoid µ−1
X1
(µX0(W)|K·W ⇒ K · W . The map
K×Σ→ K ·W is a complete transversal to the null foliation kerωX0 of K ·W , and so
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this map is essentially surjective onto µ−1
X•
(µX0(W)|K·W . Therefore, the composition
K × Σ→ µ−1X• (µX0(W)) is essentially surjective. QED
Wewill nowconsider the 0-symplectic groupoid (Y•, ωY•) constructed inLemma
4.2, where ωY• is the pullback of ωX• under the naturalmap ι• : Y• → X•. Note that
(Y0, ωY0) is symplectic becauseY• is étale. Consider themomentmap µY•  µX•◦ι• .
We will abbreviate x  (e , x) ∈ Y0. For v ∈ s, consider the Hamiltonian vector field
vY0 on Y0, defined by ιvY0ωY0  〈dµY0 , v〉.
4.3. Lemma. There is an open neighborhood Z0 of K · x in Y0, on which the vector fields
vY0 are complete, for all v ∈ s.
K · x
x j
L j
Sǫ
xǫ
j
xǫ ∈ µ−1
Y0
(p)
Figure 1. Proof of Lemma 4.3. As j →∞, we have xǫ
j
→ xǫ.
Proof. Put a K-invariant metric on Y0. For small ǫ > 0, let Sǫ be the set of points of
distance ǫ from K · x  Tn−k, and let Bǫ  ∪0≤ǫ′<ǫSǫ′ . Fix a small δ > 0 so that Bδ
is a tubular neighborhood of K · x. Let g · x denote the orbit of x under the g action
on Y0.
Assume that in any open neighborhood B of K · x in Y0, there is a v ∈ g so
that the trajectory of the Hamiltonian vector field vY0 through a point y ∈ B is not
complete. Then, for any sufficiently large j ∈ Z>0, there is some x j ∈ B1/ j so that
the submanifold L j  g · x j escapes away from K · x and crosses Sδ. For any given
0 < ǫ < δ, for large enough j, the intersection L j ∩Sǫ is nonempty. Let xǫj ∈ L j ∩Sǫ .
For a fixed ǫ, since Sǫ is compact we can assume without loss of generality that
there is some xǫ ∈ Sǫ so that xǫj → x
ǫ as j →∞. But,
µY0(x
ǫ
j )  µY0(L j)  µY0(x j) → µY0(x)  p as j →∞
On the other hand,
µY0(x
ǫ
j ) → µY0(x
ǫ) as j →∞.
So we then have µY0(x
ǫ)  p. Because the metric on Y0 is K-invariant, we have
K · xǫ ⊂ Sǫ. From Lemma 3.4 and the fact that s · x  x we know s · xǫ  xǫ. So,
g · xǫ  k · xǫ  K · xǫ ⊂ Sǫ.
By Definition 3.2 (iii), for each ǫ, ǫ′ < δ, there is an arrow α ∈ Y1 with s(α)  xǫ ,
and t(α) ∈ K ·xǫ
′
. SinceY• is étale, the s-fiber s−1(xǫ) is a discrete set, it therefore has
uncountably many components, one for each ǫ′. This contradicts the assumption
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that Y• is second countable. Therefore, for some large j, the trajectories through
points in B1/ j are all contained in the tubular neighborhood Bδ. Let Z0 ⊂ Y0 be the
neighborhood of K · x which is saturated by the g-trajectories through the points
in B1/ j . QED
By Lemma 4.3, there is a Hamiltonian action of S×K on (Z0, ωZ0  ωY0 |Z0 ), with
moment map µZ0  µY0 |Z0 . Notice Z0 is of the form Z0  K × Σ
′, where Σ′ is open
in Σ. Then Z• is an étale presentation for µ−1(µZ0(Z0)), similarly to in Lemma 4.2.
If p ∈ µ(X), then µ−1Z0 (p) is a closed subset of the compact set Bδ, which is the
closure of the tubular neighborhood considered in the proof of Lemma 4.3. So
µ−1Z0 (p) is compact. In particular, if p is a regular value of µ, then a component of
µ−1
Z0
(p) is a compact submanifold of Z0. By Definition 3.2 (iii), the action of Rn is
transitive on each component of µ−1Z0 (p). Therefore, components of regular fibers
of µZ0 are homeomorphic to T
n .
We then have an action of Rn on Z0, so that the following diagram 2-commutes:
Rn × Z0 Z0
G × X X.
←
→
←→ ←→
←
→
Consider the quasilattice ∂ : Q → Rn presenting G. Let ωZ1  s
∗ωZ0 , and let
µZ1  s
∗µZ0 . By Theorem 2.10, there is a strict Hamiltonian action of ∂ : Q → R
n
on (Z•, ωZ• )which presents the action of G on X. Its moment map is µZ• .
4.4. Lemma. The set of regular values of µ is connected in ∆  µ(X).
Proof. For p ∈ ∆ and x ∈ µ−1
X0
(p), define
ν(p)  dimker(dµX0 |x).
By Lemma 3.4 this quantity does not depend on the choice of x or the choice of
presentation X• of X. Let ∆k  {p ∈ ∆ | ν(p)  k}. For each p ∈ ∆, we will
show that there is a connected open neighborhood Vp of p in ∆with the following
properties:
(i) If q ∈ Vp , then ν(q) ≤ ν(p).
(ii) If k ≥ ν(p) > 0, then the set Vp\∆k is connected.
For p ∈ ∆, construct Vp as follows: Let x ∈ µ−1X0(p), and form a Hamiltonian
manifold (Z0, ωZ0 , S × K, µZ0 ) centered at x, as in the discussion following Lemma
4.3. By shrinking Z0, we can assume that, for any y ∈ Z0, we have ν(µZ0 (y)) ≤ ν(p),
this being an open condition. If p is a regular value of µ, then let Vp  µZ0 (Z0).
Otherwise, consider the action of S × K on Z0. The action of K  Tn−ν(p) is
free and the action of S  Rν(p) fixes x. Since p is not a regular value, we have
dimK < 1
2
dimX. Write µZ0  µZ0 ,S ⊕ µZ0 ,K : Z0 → s
∗ ⊕ k∗.
Let M be the component of x in µ−1Z0 ,K(µZ0 ,K(x)). By the remarks preceding this
lemma M is compact. We will show M\(µ−1Z0 (∆ν(p))) is connected. The reduced
space M/K is a (nonempty) symplectic manifold of dimension dimX−2dimK ≥ 2.
The S action on M descends to a Hamiltonian action on M/K, with moment
map µM/K,S : M/K → s∗. The subspace µ−1Z0 (∆ν(p))/K of M/K is precisely the
locus (M/K)S which is stabilized by the action of S. The space (M/K)S is totally
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disconnected, as follows. If N ⊂ (M/K)S is connected, then since dµM/K,S |(M/K)S 
0, the map µM/K,S is constant on N . So N is contained in a single fiber of µM/K,S . By
Definition 3.2 (iii) and the fact that Z• is étale, N must be a single point. Therefore,
(M/K)S is compact and totally disconnected, and dimM/K ≥ 2. The complement
of a compact, totally disconnected set in a manifold of dimension ≥ 2 is connected
[26]. Therefore, the complement (M\µ−1
Z0
(∆ν(p)))/K of (M/K)S in M/K is connected.
Because K is connected, we have then found that in M\(µ−1
Z0
(∆ν(p))) is connected.
Now, consider a connected open neighborhood V˜ of M in Z0. Then V˜\µ−1Z0 (∆ν(p))
is an open neighborhood of M\(µ−1Z0 (∆ν(p))). Since M\(µ
−1
Z0
(∆ν(p))) is connected, by
possibly shrinking V˜ , we can assume V˜\µ−1Z0 (∆ν(p)) is connected. Let Vp  µZ0(V˜).
The set Vp evidently has the desired properties (i) and (ii).
To show that ∆0  ∆\(∆1 ∪ · · · ∪ ∆n) is connected, we proceed by induc-
tion. First, ∆ is connected by Definition 3.2 (ii). Now, let k ≥ 1. Assume that
∆≤k : ∆\
(⋃
j>k ∆ j
)
is connected. The set ∆<k : ∆≤k\∆k has an open cover by
{Vp\∆k}p∈∆≤k . By construction, each of these sets is connected. And, by Definition
3.2 (v), the set ∆k has empty interior. So, if Vp ∩ Vq , ∅, then (Vp ∩ Vq)\∆k , ∅.
From this, it follows that ∆<k is connected. QED
4.5.Lemma. Let (Z0, ωZ0 , S×K, µZ0) be as in the discussion following Lemma 4.3. There
is a unique latticeΛ ⊂ ∂(Q) in Rn so that the Hamiltonian action of Rn on Z0 descends to
an effective action of G0 : R
n/Λ  Tn on Z0.
Proof. Let V be a small open subset of Z0 which consists of only regular points of
µZ0 . Take a transversal Υ to the foliation by g orbits in V; by shrinking V we can
assume Υ is connected and intersects each orbit only once. Then, by Definition 3.2
(iv), the action map
a : (Q ⋉ Rn × Υ⇒ Rn × Υ) → µ−1Z•(µZ0 (V))
is a Morita equivalence. In particular, for a point y ∈ V, the stabilizer stabRn (y) of
y under the Hamiltonian action of Rn on Z0 is contained in ∂(Q).
Recall that the Rn-orbits through points of Υ are homeomorphic to Tn , and that
Υ is connected. Since the stabilizer of any point in Υ is contained in the discrete
group ∂(Q), it follows that for any y , y′ ∈ Υ, the stabilizer subgroups stabRn (y) and
stabRn (y′) are equal. Also, by Definition 3.2 (iii), for any two points y , y′ ∈ µ−1Z0 (p)
in the same fiber of µZ0 , the stabilizer subgroups stabRn (y) and stabRn (y
′) are equal.
So, for a connected open subset A ⊂ ∆ consisting of only regular values, there is a
unique lattice Λ ⊂ ∂(Q) ⊂ Rn so that Λ  stabRn (y) for all y ∈ µ−1Z0 (A). So R
n/Λ
acts freely on µ−1Z0 (A). Since Z0 is connected, by Lemma 4.4 the set of regular values
of µZ0 is open and connected in ∆. Definition 3.2 (v) implies that the regular values
µZ0 are dense in µZ0 (Z0), so the action of R
n descends to an effective Hamiltonian
action of G0 : Rn/Λ  Tk on Z0. QED
By Lemma 4.5, we have a lattice Λ ⊂ ∂(Q) and a Hamiltonian action of G0 
Rn/Λ on (Z0, ωZ0 )with moment map µZ0 . The map Z0 → X0 → X intertwines the
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moment maps, and so the diagram 2-commutes:
G0 × Z0 Z0
G × X X.
←
→
←→ ←→
←
→
Again applying Theorem 2.10, we have a strict Hamiltonian action of G•  (ker ∂×
∂(Q)/Λ) ⋉ G0 on Z•. The tuple (Z•, ωZ• , G•, µZ•) is the desired Hamiltonian
groupoid presenting µ−1(U). Notice that the definition of G1 uses our fixed split-
ting Q  ker ∂ × ∂(Q). QED
With Proposition 4.1 in hand, we now turn our attention to the structure of Z0
as a Hamiltonian G0-manifold.
Let (M, ω, G, µ) be a Hamiltonian G  T-manifold, and O  G · x an orbit in
µ−1(p). LetV  TxOω/TxO be the symplectic slice at x, then (V, ωV ) is a symplectic
vector space with Hamiltonian Gx  stabG(x)-action, with moment map
µV : V → g∗x , 〈µV (v), ξ〉 
1
2
ωV (ξV (v), v), for v ∈ V, ξ ∈ gx .
Pick a splitting g∗  g∗x ⊕ ann(gx), and consider the associated bundle
E : (G ×Gx V) × ann(gx)
(
 G ×Gx (ann(gx) × V)
)
overG. There is a symplectic formωE onE (whichdependson the choice of splitting
g∗  g∗x ⊕ ann(gx)), and a natural G-action on E. This G-action is Hamiltonian, with
moment map µE : E → g∗ given by
µE([g , v], q)  q + p + µV (v); [g , v] ∈ G ×Gx V, q ∈ ann(gx).
We call the Hamiltonian space E  (E, ωE , G, µE) the model near O . Then, we have
the following local normal form near G · x.
4.6.Theorem (HamiltonianSlice Theorem). Let (M, ω, G, µ) be aHamiltonianG  T-
manifold, and O  G · x an orbit in µ−1(p). There exists a isomorphism (which depends
on the splitting of g∗) of Hamiltonian G-manifolds between a neighborhood of O in M and
the zero section of the model (E, ωE , G, µE) near O .
4.7. Remark. Let (M, ω, G, µ) be as in the previous theorem. When 2dimG 
dimM and the action of G on M is effective, then the model (E, ωE , G, µE) is well
understood; see for instance Remark 3.7 of [17]. In particular, the action of G on
the regular locus of µE is free and the fibers of µE are connected. The moment map
image µE(E) is a convex polyhedral cone in g∗, which is rational with respect to the
cocharacter lattice Hom(S1, G) ⊂ g.
4.8. Theorem (Local Normal Form). Let (X,ω,G, µ) be a compact toric symplectic
stack. Fix a quasilattice ∂ : Q → Rn presenting G. For p ∈ µ(X), there is an open
neighborhood U of p and a lattice Λ ⊂ ∂(Q) in Rn so that
(µ−1(U),ω,G, µ) ≃ (BE• ,BωE• ,BG•,BµE•).
Here, (E0, ωE0 , G0, µE0) is a neighborhood of the zero section in the model E near a G0 
Rn/Λ orbit in aHamiltonianG0manifold (Z0, ωZ0 , G0, µZ0), andE• is the action groupoid
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(ker ∂×∂(Q)/Λ)⋉E0. The groupG0 acts effectively onE0, andG•  (ker ∂×∂(Q)/Λ)⋉G0
is an étale presentation ofG.
Proof. There is neighborhood U ⊂ Lie(G)∗ of p where we can assume
(4.9) (µ−1(U),ω,G, µ)  (BZ•,BωZ• ,BG• ,BµZ• ),
where (Z•, ωZ• , G•, µZ• ) is a Hamiltonian G•-groupoid as in Proposition 4.1. Then
G0  R
n/Λ acts effectively on Z0.
Let x ∈ µ−1Z0 (p). By Theorem 4.6, there is a G0-equivariant neighborhood of G0 · x
in Z0 which is isomorphic to a neighborhood E0 of the zero section in the model
E near G0 · x. Let us replace Z• with its restriction to this neighborhood of G0 · x,
and replace U with the image of this neighborhood under the moment map µZ0 .
Then by Definition 3.2 (iii) we still have that Z• presents µ−1(U), and we still can
assume (4.9).
Consider the induced étale groupoid E•  Z•. There is a unique 0-symplectic
form ωE• ∈ Ω
2
0
(E•), action of G• on E•, and moment map µE• : E• → g
∗ so that the
isomorphism E•  Z• extends to an isomorphism
(E•, ωE• , G•, µE•)  (Z•, ωZ• , G•, µZ• )
of Hamiltonian G•-groupoids.
It remains to investigate the structure of E1. Let H  ker ∂× ∂(Q)/Λ, then H acts
on E0 according to h · x : ∂(h) · x, for h ∈ H and x ∈ E0. Form the action groupoid
H ⋉ E0 ⇒ E0 for this action, and consider the map of Lie groupoids
F• : H ⋉ E0 → E•
which is the identity on objects and on arrows is given by
(h , x) 7→ h ∗ u(x), h ∈ H, x ∈ E0.
It is easy to verify that F• is indeed a Lie groupoid morphism, and that F• is G•-
equivariant with respect to the natural action of G• on H ⋉ E0. We will show F• is
an isomorphism of Lie groupoids. It is clear that F1 is a local diffeomorphism, and
so we just need to show that it is a bĳection.
Let x ∈ E0 be a regular point of µE0 . Then by Remark 4.7 the map G0 →
µ−1
E0
(µE0(x)) which is given by g 7→ g · x is a diffeomorphism. From Definition
3.2 (iv), it follows that H acts freely and transitively on s−1(x). In particular, the
restriction of F1 to H × {regular points of µ0} is a bĳection onto its image.
Assume we have (h , x), (h′, x′) ∈ H ⋉ E0 so that F1(h , x)  F1(h′, x′). Then,
take a sequence (hi , xi) → (h , x), where the xi are all regular points of µE0 . The
existence of such a sequence is guaranteed by Definition 3.2 (v). The restriction of
F1 to a neighborhood W of (h′, x′) is a diffeomorphism onto its image, so consider
the preimage F1 |−1W (F1(hi , xi)) of the sequence (hi , xi). This is a sequence in W
which converges to (h′, x′). But, since F1 is a bĳection when restricted to H ×
{regular points of µ0}, we have F1 |−1W (F1(hi , xi))  (hi , xi). So, (h , x)  (h
′, x′) and
F1 is injective.
Now, let α ∈ E1. Take a small neighborhood V of α. Then, again by Definition
3.2 (v), the set s(V) ⊂ E0 contains a regular point x of µE0 . Then as before, H acts
freely and transitively on the fiber s−1(x) ⊂ E1. So, by acting with an element of
h, we can assume without loss of generality that V is contained in the image of
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the identity bisection u : E0 → E1. Therefore α  u(y) for some y ∈ E0, and so
α  F1(e , y). We have shown that F1 is surjective. QED
For a compact toric symplectic stack (X,ω,G, µ), let U be a small neighborhood
of p ∈ µ(X). We will then we will call a Hamiltonian groupoid (E•, ωE• , G•, µE•)
described in Theorem 4.8 a local model for µ−1(U), or a local model for X over U (near
p).
By Remark 4.7, we have the following corollary.
4.10.Corollary. Let (X,ω,G, µ) be a compact toric symplectic stack,and fix a presentation
for G by a quasilattice ∂ : Q → Rn . For p ∈ µ(X) ⊂ Lie(G)∗, a small neighborhood U of
p in µ(X) is a neighborhood of a point in a simple convex polyhedral cone Cp ⊂ Lie(G)∗,
which is rational with respect to a lattice Λ ⊂ ∂(Q).
5. Moment polytope
Let (X,ω,G, µ) be a compact toric symplectic stack, and let Lie(G)  g  Rn .
We want to associate to the moment map image µ(X) some additional data which
will classify (X,ω,G, µ) up to equivalence. As before we fix a presentation of G
by a quasilattice ∂ : Q → Rn .
Let ∆ ⊂ g∗ be a convex polytope. Denote by F  F(∆) the set of open faces of ∆,
let Fmax ⊂ F be the set of facets of ∆, and let V ⊂ F be the set of vertices of ∆. Let
ann( f )  {v ∈ g | 〈p − q, v〉  0 for all p , q ∈ f }
be the set of elements of g which are normal to the face f . If, for every facet of ∆,
there is a nonzero element of ann( f ) ∩ ∂(Q), then ∆ ∈ g∗ is quasirational.
5.1.Theorem. Themomentmap image µ(X) of a toric stack (X,ω,G, µ) is a quasirational
convex polytope.
Proof. The assignment of Cp to p ∈ µ(X) in Corollary 4.10 is local convexity data in
the sense of Hilgert, Neeb, and Plank. By Theorem 3.10 of [12] and Definition 3.2
(ii), the moment image µ(X) is a convex polytope. Quasirationality follows from
Corollary 4.10. QED
5.2.Definition. A decorated stacky moment polytope is a triple (∆,G, {Λ f } f ∈F), where
G is a stacky torus with fixed presentation ∂ : Q → Rn by a quasilattice, ∆ is a
simple ∂(Q)-quasirational polytope, and Λ f is a free subgroup of ∂(Q) for each
f ∈ F. A decorated stackymoment polytope must satisfy the following conditions:
(i) Any Z-basis of Λ f forms an R-basis for ann( f ).
(ii) If f1 , f2 , . . . , fs are open facets of∆, and f is a face of codimension s whose
closure can be written as f¯  f¯1 ∩ · · · ∩ f¯s , then Λ f  Λ f1 + · · · +Λ fs .
An isomorphism of decorated stacky moment polytopes
Φ : (∆ ⊂ Lie(G)∗ ,G, {Λ f } f ∈F)  (∆
′ ⊂ Lie(G′)∗,G′, {Λ f } f ∈F′)
is an equivalenceΦ : G → G′ of stacky tori, so that Lie(Φ)∗(∆′)  ∆ + c for some
c ∈ Lie(G)∗. We also require that the linear isomorphism Lie(Φ) : Lie(G)  Lie(G′)
induces isomorphisms of the subgroups Λ f ′ ⊂ Lie(G′) and ΛLie(Φ)∗( f ′) ⊂ Lie(G),
for all f ′ ∈ F′.
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As an immediate consequence of the definition, a decorated stacky moment
polytope (∆,G, {Λ f } f ∈F) can be recovered from the data (∆,G, {Λ f } f ∈Fmax ), where
Fmax ⊂ F is the set of facets of ∆. It can also be recovered from the data
(∆,G, {Λv}v∈V ), where V ⊂ F is the set of vertices of ∆.
Now, let (X,ω,G, µ) be a compact toric symplectic stack, and let ∆  µ(X). For
a face f ∈ F(∆), let p ∈ f . Let Up ⊂ ∆ be a small neighborhood of p, and let
(E•, ωE• , G•, µE•) be a Hamiltonian groupoid giving a local model over Up , as in
Theorem 4.8. Then, define
(5.3) Λ f : Λ ∩ ann( f ), where G0  Rn/Λ.
The collection (µ(X),G, {Λ f } f ∈F) is the decorated stacky moment polytope of X.
5.4.Proposition. Let (X,ω,G, µ) be a toric stack. Fix a presentation ofG by a quasilattice
∂ : Q → Rn .
(i) The decorated stacky moment polytope of (X,ω,G, µ) is well defined.
(ii) The decorated stacky moment polytope (∆,G, {Λ f } f ∈F) of X satisfies the condi-
tions of Definition 5.2.
(iii) If (ΦX,ΦG) : (X,ω,G, µ)  (X′,ω′,G′, µ′) is an equivalence of toric stacks,
then ΦG induces an isomorphism of their decorated stacky moment polytopes.
Proof. For (i), consider an open facet f ∈ µ(X), and let p ∈ f . We first show that
Λ f does not depend on the choices made in the construction of the local model
(E•, ωE• , G•, µE•) for µ
−1(Up) in Theorem 4.8.
Let S  Rs ⊂ Rn be the connected subgroup ofRn with Lie algebra ann( f ). Then
∂S : ∂−1(S) → S is a crossed module which presents a Lie group stack S. There is
an action of S on X, which comes from the inclusion S ֒→ Rn .
Let x : ⋆ → µ−1(p) be a categorical point of the stack µ−1(p). Then X|x 
⋆ ×µ−1(p) µ
−1(p) is a differentiable stack which is presented by a Lie groupoid
H ⇒ ⋆. This groupoid can be formed explicitly as follows. For a local model
(E•, ωE• , G•, µE•) of X over a neighborhood Up of p, lift x to a point x ∈ E0. Then
the restriction of E• to the G0-orbit of x is isomorphic to the Lie groupoid
(5.5) (ker ∂ × ∂(Q)/Λ) ⋉ ((Rn/Λ) · x)⇒ (Rn/Λ) · x.
This is a presentation of µ−1(p). Note that the orbit (Rn/Λ) · x is homeomorphic to
a torus of dimension dim f .
Now, restrict E• to a (discrete) Lie groupoid over x. The isomorphism type of H
does not depend on the choice of x or the local model E•. From (5.5), there is an
isomorphism
(5.6) H  ker ∂ ×
∂(Q) ∩ ann( f )
Λ ∩ ann( f )
.
Since ann( f ) is the Lie algebra of S, the action of S fixes all points of µ−1
E0
(p).Viewing
H ⇒ ⋆ as a subgroupoid of E•, we see the crossed module ∂S : ∂−1(S) → S acts
strictly on H ⇒ ⋆. If x′ is another categorical point of µ−1(p), then the isomorphism
H  H′ is ∂−1(S)-equivariant.
In fact, the action of ∂−1(S) on H is the unique presentation of the S-action on
X|x , by a strict action of ∂S : ∂−1(S) → S on a Lie groupoid H ⇒ ⋆whose space of
objects is a single point. To show uniqueness, it is enough to show there are no
20 BENJAMIN HOFFMAN
other naturally isomorphic strict actions of ∂S : ∂−1(S) → S on H ⇒ ⋆; this follows
from the fact that H is discrete and abelian, and that S  Rs is connected.
Therefore, if
a : ∂−1(S) → H; α 7→ α ∗ u(pt)
is the action of ∂−1(S) on the group unit u(pt) ∈ H, and E• is a local model ofX over
a neighborhood Up of p, then from (5.6) we see that the lattice Λ f  Λ ∩ ann( f )
defined for E• coincides with ∂(ker a). From the abstract description, it follows that
Λ f does not depend on the choice of local model (E• , ωE• , G•, µE•).
Now, let p′ ∈ f be another point in the face f . Without loss of generality, we
may assume that there is a local model (E• , ωE• , G•, µE•) of X, over a neighborhood
Up of p, and that p′ is contained in Up . Then E• is isomorphic, as a Hamiltonian G•
groupoid, to a local model over Up , where now we consider U as a neighborhood
of p′. In either case the latticeΛ is the same, and so the definition ofΛ f really does
not depend on the choice of p ∈ f .
To prove (ii), let p ∈ f and consider a local model (E•, ωE• , G•, µE•) over an open
neighborhood Up of p. Write G0  Rn/Λ. It is enough to prove that
Λ ∩ ann( f )  (Λ ∩ ann( f1)) + · · · + (Λ ∩ ann( fs)).
Because (E0, ωE0 , G0, µE0) is isomorphic to a piece of a compact toric symplectic
manifold, this follows from Lemma 2.2 of [7].
The statement (iii) follows immediately from [13, Proposition 7.4.1], and from
the local normal form Theorem 4.8. QED
6. Classification
We now state our main theorem. Details of its proof constitute the remainder of
this article.
6.1.Theorem. The assignment of the decorated stackymoment polytope (µ(X),G, {Λ f } f ∈F)
to a compact toric symplectic stack (X,ω,G, µ) defines a bĳection, between the set of isomor-
phism classes of decorated stacky moment polytopes on one hand, and the set of equivalence
classes of toric stacks, on the other.
Proof. Given a stacky moment polytope (∆,G, {Λ f } f ∈F), the existence of a toric
stack (X,ω,G, µ)with (µ(X),G, {Λ f } f ∈F)  (∆,G, {Λ f } f ∈F) is a corollary of Theo-
rem9.6, by taking the identity deformation of∆. On the other hand, the uniqueness
of X up to equivalence is Theorem 8.1. QED
6.2.Remark. In the context of the previous theorem, let us assume thatG  Rn/Zn
is a torus and that X is an effective orbifold (an effective proper étale stack). Then
(X,ω,G, µ) is an (effective) compact toric symplectic orbifold, as classified by
Lerman and Tolman in [17]. One can recover the positive integer labels on facets
of µ(X) described by Lerman and Tolman as follows. For each facet f ∈ Fmax , the
latticeΛ f is a subgroup of Q  ∂(Q)  Zn ⊂ g  Rn . A generator ofΛ f is a positive
integer multiple of a unique generator of ann( f ) ∩ Zn . This positive integer is the
label of f in Theorem 6.4 of [17].
7. Local Uniqueness
In this section we show that a compact toric symplectic stack is determined lo-
cally by its decorated stackymoment polytope. This follows quickly fromTheorem
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4.8 and the next theorem, which is a consequence of Lemma A.1 of [17] and the
Hamiltonian slice theorem (Theorem 4.6).
7.1.Theorem (Localuniqueness for toricmanifolds). Let (M, ω, T, µ) and (M′, ω′, T, µ′)
be symplectic manifolds of dimension 2n, with an effective Hamiltonian torus action of
T  Rn/Zn . Let x ∈ M and x′ ∈ M′, and assume that there is some affine transformation
g ∈ Gln(Z) ⋉R
n taking µ(x) to µ′(x′), which is an isomorphism of the moment polytopes
µ(M) and µ′(M′) near x. Then, there is an isomorphism of Hamiltonian T-manifolds,
from a T-equivariant neighborhood of T · x to a T-equivariant neighborhood of T · x′.
7.2.Theorem (Local uniqueness for toric stacks). Let (X,ω,G, µ) and (X′,ω′,G′, µ′)
be compact toric symplectic stacks, and let Φ : (∆,G, {Λ f } f ∈F)  (∆
′,G′, {Λ f ′} f ∈F′) be
an isomorphism of their decorated stacky moment polytopes. Then, for each p ∈ ∆, there is a
small neighborhoodUp and an equivalence of Hamiltonian stacks µ
−1(Up) ≃ µ
′−1(Φ(Up)).
Proof. Without loss of generality assume Φ is the identity map. Let Up be a
neighborhood of p and let (E• , ωE• , G•, µE•) and (E
′
• , ωE′• , G
′
•, µE′•) be local mod-
els for µ−1(Up) and µ′−1(Up), respectively. The idea of the proof is to show that
(E•, ωE• , G•, µE•) isMorita equivalent to aHamiltonian groupoid (Eˆ• , ωEˆ• , G
′
•, µEˆ•),
and then apply Theorem 7.1.
Let f be the open face of ∆ containing p, and let S  Rs be the subgroup of
Rn with Lie algebra s  ann( f ). Then G0  Rn/Λ and G′0  R
n/Λ′ can each be
decomposed as
G0  K/ΛK × S/Λ f ; G
′
0  K
′/ΛK′ × S/Λ f
where K, K′ ⊂ Rn are subspaces which are complementary to S, and where
ΛK +Λ f  Λ; ΛK′ +Λ f  Λ
′.
Then K/ΛK acts freely on E0, and from Theorem 4.6 we find
E• (ker ∂ × ∂(Q)/Λ) ⋉ (K/ΛK × ann(s) × V).
Here V is a symplectic vector space with an effective Hamiltonian action of S/ΛS.
Let G˜• be the Lie 2-group
G˜•  (ker ∂ × ∂(Q)/Λ f ) ⋉ (K × S/Λ f )
and consider the Lie groupoid
E˜•  (ker ∂ × ∂(Q)/Λ f ) ⋉ (K × ann(s) × V),
equipped with the symplectic structure and Hamiltonian G˜•-action making the
quotientmap (E˜• , ωE˜• , G˜•, µG˜•) → (E• , ωE• , G•, µG•)aMorita equivalenceofHamil-
tonian groupoids.
Because K′ and K are both subspaces ofRn which are complementary to S, there
is a canonical isomorphism of G˜• with the Lie 2-group
G˜′•  (ker ∂ × ∂(Q)/Λ f ) ⋉ (K
′ × S/Λ f ).
The action of ΛK′ ⊂ G˜′0 on E˜0 is free and proper, and there is a symplectic structure
and Hamiltonian G′• action on
Eˆ•  (ker ∂ × ∂(Q)/Λ
′) ⋉ ((K × ann(s) × V)/ΛK′)
making the quotient map
(E˜•, ωE˜• , G˜
′
•, µE•) → (Eˆ•, ωEˆ• , G
′
•, µEˆ•)
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a Morita equivalence of Hamiltonian stacks.
Let x ∈ µ−1
Eˆ0
(p) and let x′ ∈ µ−1
E′0
(p). By Theorem 7.1, there is an isomor-
phism of Hamiltonian G′0-manifolds, from a G
′
0-equivariant neighborhood of x
to a G′0-equivariant neighborhood of x
′. Since both Eˆ• and E′• are action groupoids
for the action of ker ∂ × ∂(Q)/Λ′ on Eˆ0 and E′•, respectively, this G
′
0-equivariant
isomorphism of manifolds can be lifted to an isomorphism of Hamiltonian G′•-
groupoids. QED
8. Global Uniqueness
This section is entirely devoted to the proof of the next theorem. It uses the ideas
and results of a similar proof by Lerman, Tolman, and Woodward of Proposition
7.3 and Theorem 7.4 in [17], which is in the context of toric symplectic orbifolds.
To avoid dealing with the theory of exact sequences of stacks (over a polytope) and
their cohomology, we do not fully generalize their argument to the present context.
We employ instead a more direct approach.
8.1. Theorem. Let (X,ω,G, µ) and (X′,ω′,G′, µ′) be toric stacks, and assume that
there is an isomorphismΦG : (µ(X),G, {Λ f } f ∈F) → (µ′(X′),G′, {Λ f } f ∈F) of their stacky
moment polytopes. Then, there is an equivalence
(ΦX ,ΦG) : (X,ω,G, µ) → (X′,ω′,G′, µ′)
of toric stacks.
Proof. The structure of the proof is as follows. Wefirst prove three lemmas. Lemma
8.3 gives a description of certain atlases of X and X′. In Lemma 8.4, we show that
local automorphisms of symplectic toric stacks come from local automorphisms
of the Hamiltonian groupoids constructed in Lemma 8.3. Finally, in Lemma 8.6
we reduce the situation to when G has trivial isotropy groups. After this setup,
we give an argument based on Čech cohomology to show how to build a global
equivalence X ≃ X′ from a collection of local equivalences.
Without loss of generality assume G′  G, and ΦG  id. Write µ(X) 
µ′(X′)  ∆. Let p1 , . . . , pm be a collection of points in ∆ with open neigh-
borhoods Up1 , . . . ,Upm , so that {Upi }i1,...,m is an open cover of ∆, and so that
µ−1(Upi ) ≃ µ
′−1(Upi ) is presented by a local model
(8.2) (E i• , ωEi• , G
i
•, µEi•).
Here,G i0  R
n/Λi is a compact torus as in Theorem 4.8. This is possible byTheorem
7.2. We can assume the Upi ’s are convex.
Consider the atlases
A :
∐
i
E i0 → X; A
′ :
∐
i
E i0 → X
′.
Let X0  X′0 
∐
i E
i
0, let X1 
∐
i , j E
i
0×A,X,A E
j
0, and let X
′
1 
∐
i , j E
i
0×A′,X′,A′ E
j
0. Let
G0  R
n and let ∂ : Q → G0 be a quasilattice presenting G. Denote G•  Q ⋉ Rn 
(ker ∂ × ∂(Q)) ⋉ Rn .
By the following lemma, the Hamiltonian groupoids
(X•, ωX• , G•, µX•), (X
′
•, ωX′• , G•, µX′•)
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presentX andX′, respectively. The natural inclusions of E i• into X• and X
′
• preserve
the symplectic structure and the Hamiltonian G•  Q ⋉ Rn action.
8.3. Lemma. Let X be a differentiable stack, and let∐
i1,...,m
E i0 → X, i  1, . . . , m
be an étale atlas of X. Choose smooth manifolds which are equivalent to the stacks E i0 ×X E
j
0
and X0 ×X X0. Then, X ≃ BX•, where
X0 
∐
i
E i0, X1 
∐
i , j
E i0 ×X E
j
0,
and the Lie groupoid structure on X• comes from the canonical diffeomorphism X1 
X0 ×X X0.
Proof. We just need to describe the diffeomorphism X1  X0 ×X X0. First, notice
that if A, B are smooth manifolds of the same dimension, then the coproduct A⊔B
as manifolds is equivalent to the weak coproduct A ⊔st B as stacks: For any stack
Y, there are canonical equivalences
Hom(A⊔B,Y) ≃ Y(A⊔B) ≃ Y(A)×Y(B) ≃ Hom(A,Y)×Hom(B,Y) ≃ Hom(A⊔stB,Y)
which are consequences of the 2-Yoneda lemma, the definition of a stack, the 2-
Yoneda lemma, and the universal property of ⊔st , respectively. So, A ⊔ B satisfies
the universal property of A ⊔st B, and hence they are equivalent. Similarly, if A•
and B• are Lie groupoids presenting smooth manifolds of the same dimension,
then B(A• ⊔ B•)  B(A•) ⊔st B(B•). Let us then write ⊔ for ⊔st in what follows.
Now, if A, B, C are manifolds, Y is a differentiable stack, and there are repre-
sentable morphisms A, B, C → Y, then there is an equivalence
A ×Y (B ⊔ C) ≃ A ×Y B ⊔ A ×Y C,
which is canonical up to natural isomorphism. To verify this, pick a presentation
Y• of Y, and Lie groupoid presentations A•, B•, C• of A, B, C, respectively, so that
the morphisms of stacks A, B, C → Y come from morphisms of Lie groupoids
A•, B•, C• → Y•. Then, compute explicitly using weak pullbacks of Lie groupoids.
It follows that there is an equivalence of stacks X1 ≃ X0 ×X X0. But X1 and
X0 ×X X0 are manifolds, so this equivalence is naturally isomorphic to a unique
diffeomorphism. QED
8.4. Lemma. Fix one of the local models (E•  E i•, ωE• , G
i
•, µE•) from (8.2). Let U  Upi ,
let V ⊂ U be contractible and open in ∆, and let Y  µ−10 (V) ⊂ E0. If φ : µ
−1(V) →
µ−1(V) is an equivalence ofHamiltonianG-stacks, then there is an automorphismφ0 : Y →
Y of Hamiltonian G i0-manifolds so that the diagram 2-commutes:
Y Y
µ−1(V) µ−1(V)
←
→
φ0
←→ A ←→ A
←
→
φ
Here, A : Y → µ−1(V) is the atlas A : X0 → µ−1(U) restricted to Y.
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Proof. Consider the pullback diagram
Z Y
Y µ−1(V) µ−1(V)
←
→
p2
←→ p1 ←→ A
←
→
A ←
→
φ
The manifold Z  Y ×φ◦A,µ−1(V),A Y can be interpreted as a submanifold of the
space of arrows of an étale Lie groupoid W• presenting µ−1(V), where W0  Y ⊔Y
has the atlas (φ ◦A) ⊔A : Y⊔Y → µ−1(V). More precisely, Z is the submanifold of
W1 consisting of arrows with source in the first copy of Y and target in the second
copy of Y. Then p1 is the restriction to Z of the source map of W•, and p2 is the
restriction to Z of the target map.
From Theorem 2.10, there is a symplectic structure and Hamiltonian G i
1
-action
on Z, making p1 and p2 maps of Hamiltonian G i0-manifolds. (Here we use the
identity bisection u : G i
0
→ G i
1
to consider G i
0
as a subgroup of G i
1
). It suffices
to show that there is a global section σ of p1; the map σ preserves the moment
map and symplectic form, and hence is automatically a map of Hamiltonain G i
0
manifolds. We will then set φ0  p2 ◦ σ.
Let H  ker ∂ × ∂(Q)/Λi. We will show that p1 : Z → Y is a trivial H-principal
bundle. First, the action of H ⊂ Gi
1
on W1 is parallel to fibers of s : W1 → W0. In
particular, H acts on the fibers of p1. Now, let α, α′ ∈ Z, so that p1(α)  p1(α′).
Then, there is a unique arrow β ∈ Y ×A,µ−1(V),A Y ⊂ W1 so that β ◦ α  α
′. From the
description of E• in Theorem 4.8, we know Y ×A,µ−1(V),A Y  H ⋉ Y. So, recalling
the notation for the action of a crossed module from (2.7), there is a unique h ∈ H
so that h ∗ u(t(α))  β. But, by (2.8), we find
α′  β ◦ α  (h ∗ u(t(α))) ◦ α  h ∗ α.
So, the action of H on fibers of p1 is free and transitive. Therefore, p1 is a principal
H-bundle.
Assume that for each x ∈ Y, there is a connected Gi
0
-equivariant neighborhood
Sx of x and an (automatically G i0-equivariant) local section σx : Sx → Z of p1. Then
the transition maps between the local trivializations given by the σx are the same
as the transition maps for a principal H-bundle over Y/G i
0
 µY(Y)  V. But V is
contractible, so any principal bundle will be trivial. So, in this case there is a global
section σ of p1.
It suffices then to show that for each x ∈ Y, there is a Gi
0
-equivariant neighbor-
hood Sx of x and a local section σx : Sx → Z of p1. Fix x, and let σ : T → Z be a
local section of p1 on a small open neighborhood T of x. Since G i0 is compact and
connected, after possibly shrinking T we can assume that for any y ∈ T, the set
T∩(G i
0
· y) is connected. Wewill show that g · σ(y)  σ(g · y) for any y ∈ T and any
g ∈ G i
0
which satisfies g · y ∈ T. Then, we can define Sx  G i0 · T, and the section
σx : Sx → Z; g · y 7→ g · σ(y)
of p1 is well defined.
First, assume g · y  y. Then since the stabilizer of y in G i
0
is connected, there is
some v ∈ gy so that g  exp(v), where gy is the kernel of the linear map g → TyY
given by the action of g. Since σ is a local section of p1, it intertwines the moment
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maps and hence the commutes with the g action. So, v ∈ gσ(y) and consequently
g · σ(y)  σ(y).
Now, consider any g ∈ G i
0
and y ∈ T, such that g · y ∈ T. Then, since T ∩ (G i
0
· y)
is connected, there is some g˜ ∈ G0 near the identity so that g˜ · y  g · y, and so that
σ( g˜ · z)  g˜ · σ(z) as long as z ∈ T and g˜ · z ∈ T. Then,
σ( g˜−1g · y)  g˜−1 · σ(g · y).
And, by the previous paragraph,
σ( g˜−1g · y)  g˜−1g · σ(y)
since g˜−1g · y  y. So, σ(g · y)  g · σ(y), as desired. QED
We now turn our attention to the isotropy groups of X•. It is easy to verify that,
for α, β, α ◦ β ∈ X1 and q, r ∈ ker ∂,
(8.5) (q ∗ α) ◦ (r ∗ β)  (qr) ∗ (α ◦ β); (q ∗ α)−1  q−1 ∗ α−1.
So, the Lie groupoid structure of X• descends to a Lie groupoid structure on Xstr• :
X1/ker ∂ ⇒ X0, which is X• with some isotropy groups removed (“strictified”).
Then Xstr• has the 0-symplectic form (ωXstr
0
 ωX0 , ωXstr
1
 s∗ωXstr
0
). The Hamilton-
ian action of G• on X• descends to a Hamiltonian action of G
str
• : G1/ker ∂⇒ G0
on X•/ker ∂, with moment map (µXstr
0
 µX0 , µXstr
1
 s∗µXstr
0
). Let
(Xstr  BXstr• ,ω
str ,Gstr , µstr)
be the Hamiltonian stack presented by the strictification Xstr• of X•.
We know that G• is a trivial (ker ∂ ⇒ ⋆)-extension of Gstr• . And X• is also a
(ker ∂⇒ ⋆)-extension of Xstr• ; we will show it is a trivial extension as well. In other
words, we will show that the natural map pi : X→ Xstr is a trivial ker ∂-gerbe over
Xstr .
Using our fixed splitting G•  (ker ∂ × ∂(Q)) ⋉ Rn , it will be helpful to identify
Gstr• with a (non-full) Lie 2-subgroup of G•. In particular one can think of X as a
HamiltonianGstr-stack.
8.6.Lemma. Let X˜0  X0 and let X˜1  ker ∂×(X1/ker ∂). Equip X˜• with the symplectic
structure ωX˜• coming from X˜0  X0. The action of G•  (ker ∂ × ∂(Q)) ⋉ R
n on X˜•,
which is given on arrows as(
(ker ∂ × ∂(Q)) ⋉ Rn
)
×
(
ker ∂ × (X1/ker ∂)
)
→ ker ∂ × (X1/ker ∂)
((q, h , g), (r, α)) 7→ (qr, h ∗ (g · α))
is Hamiltonian. Then, there is an isomorphism of Hamiltonian G•-groupoids
(X•, ωX• , G•, µX•)  (X˜•, ωX˜• , G•, µX˜•).
which is the identity on the manifold of objects X0  X˜0.
Proof. It is obvious that the action described is Hamiltonian, with moment map
µX˜0  µX0 . Let V be the interior of ∆, then V consists of the regular values of
µ. We will first show that pi |µ−1(V) : µ−1(V) → (µstr)−1(V) is a trivial principal
B(ker ∂⇒ ⋆)-bundle (that is, a trivial ker ∂ gerbe).
There is apresentationof (µ)−1(V)byanétaleHamiltoniangroupoid (Z• , ωZ• , G•, µZ•),
so that the actions of G0 andG1 on Z0 and Z1, respectively, are free. To construct the
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manifold Z0, pick an étale presentation Z˜• of (µ)−1(V). Then, pick an open cover
{Vqi } of V, so that Vqi is a neighborhood of qi ∈ V with a section σqi : Vqi → Z˜0
of the moment map µZ˜0 : Z˜0 → Lie(G)
∗ . Finally, let Z0  G0 ×
∐
i Vqi . The atlas
Z0 → (µ)
−1(V) is described in [13, Proposition B.2], and the existence of a Hamil-
tonian action of G• on Z• is guaranteed by Theorem 2.10. Freeness of the G1 action
is guaranteed by Definition 3.2 (iv).
Define
Zstr• : (Z1/ker ∂⇒ Z0); Z•/G
str
• : (Z1/G
str
1
⇒ Z0/G0).
Note that Zstr• is a presentation for (µ
str)−1(V). Then, the diagram is 2-cartesian (in
the 2-category of Lie groupoids):
Z• Z
str
•
Z•/G
str
• V.
←
→
←→ ←→
←
→
Since the 2-functor B preserves weak pullbacks, the diagram is still 2-cartesian:
(8.7)
µ−1(V) (µstr)−1(V)
B(Z•/G
str
• ) V.
←
→
←→ ←→
←
→
Then, B(Z•/Gstr• ) → V is a ker ∂-gerbe over V. Recall from [10] that ker ∂-gerbes
overV are classified up to equivalence by the Čech cohomology group H2(V, ker ∂).
But V is contractible, so there is a section V → B(Z•/Gstr• ) of the bottom map in
(8.7). Since the diagram (8.7) is 2-cartesian, we then have a morphism of Hamil-
tonianGstr-stacks
ψ : (µstr)−1(V) → µ−1(V)
so that pi ◦ ψ is naturally isomorphic to the identity map of (µstr)−1(V).
Passing to the presentation X•, there is a Lie groupoid morphism ψ•
Xstr
1
X1
X0 X0
←→ ←→
←
→
ψ1
←→ ←→
⇐
⇐
ψ0
so that πX• ◦ ψ•  idXstr• , where πX• : X• → X
str
• is the quotient map. Here, ψ1
is defined only on the open dense subset µ−1
Xstr
1
(V) ⊂ Xstr
1
. Since Xstr• has trivial
isotropy groups over the regular locus of µX0 , it turns out that πX• ◦ ψ•  idXstr•
where it is defined.
Now, by construction ψ preserves the action ofGstr up to isomorphism. So the
map ψ1 respects the action of Gstr1 up to a natural transformation η : G0×X0 → X1.
However, using the fact that G0 is connected and that the isotropy groups of X1
are discrete, one can show that η(g , x)  η(e , g · x) for all g ∈ G0 and x ∈ X0. As a
consequence, ψ1 respects the action of Gstr1 on the nose.
Since removing the critical points of µXstr
1
does not disconnect any connected
open neighborhoods in Xstr
1
, there is a unique smooth extension of the map ψ1 to
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all of X1/ker ∂. We then have a morphism of Hamiltonian Gstr• -groupoids
ψ• : Xstr• → X•
which is a section of the quotient map X• → Xstr• . Composing the action of
ker ∂⇒ ⋆with the morphism ψ• gives the morphism
a ◦ (id×ψ•) : X˜•  (ker ∂⇒ ⋆) × Xstr• → X•
which is the desired isomorphism of Lie groupoids; it extends in the obvious way
to an isomorphism of Hamiltonian G•  (ker ∂⇒ ⋆) × Gstr• groupoids. QED
Due to Lemma 8.6, to prove Theorem 8.1 we will now restrict to the case where
ker ∂  0. We then have Q  ∂(Q), and G1  ∂(Q) ⋉ Rn .
Let Ui , j  Upi ∩ Up j , and let E
i , j
•  µ
−1
Ei•
(Ui , j). Consider the equivalences
Ai : BE i• ≃ µ
−1(Ui), which have the property that the atlas A|Ei
0
: E i
0
→ µ−1(Ui)
factors as A|Ei
0
 Ai ◦ Bι, where ι : E i
0
→ E i• is the natural inclusion. Choose
weak inverses Ai
−1
of these equivalences Ai. Similarly, consider the equivalences
Ai
′
: BE i• ≃ µ
′−1(Ui). Define h i as the composition
h i : µ−1(Ui) BE i• µ
′−1(Ui),
←
→
Ai
−1
←
→
Ai
′
Choose weak inverses h i
−1
for the equivalences h i , and define
φi , j  h i
−1
◦ h j : µ−1(Ui , j) → µ−1(Ui , j)
Notice that the morphisms φ i , j satisfy the weak cocycle conditions
(8.8) φ i , j ◦ φ j,i  id; φ i j ◦ φ j,k ◦ φk ,i  id .
By Lemma 8.4, there is an automorphism φi , j
0
: E i , j
0
→ E
i , j
0
of Hamiltonian G i
0
-
manifolds so that the diagram 2-commutes:
(8.9)
E
i , j
0
E
i , j
0
µ−1(Ui , j) µ
−1(Ui , j)
←
→
φ
i, j
0
←→ A ←→ A
←
→
φi, j
From the proof of Proposition 7.3 of [17], there is a smooth function f i , j : Ui , j → R
so that the time 1 flow of the Hamiltonian vector field of f i , j ◦ µ
E
i, j
0
is φi , j
0
.
Let Ek;i , j•  µ
−1
Ek•
(Ui , j), let Ui , j,k  Upi ∩ Up j ∩ Upk , and let
φ
k;i , j
• : E
k;i , j
• → E
k;i , j
•
be the time 1 flow of the Hamiltonian vector field of f i , j ◦ µEk• |Ek;i, j•
. Note that
these Hamiltonian vector fields are well defined because E• is étale and hence ωE1
and ωE0 are both nondegenerate. Note also that the Hamiltonian vector fields of
f i , j ◦ µ
E
i, j
k
are parallel to fibers of µ
E
i, j
k
, for k  0, 1. These fibers are unions of
compact tori, and so the vector fields are complete.
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Then, the diagram 2-commutes:
E
k;i , j
0
E
k;i , j
0
µ−1(Ui , j,k) µ
−1(Ui , j,k)
←
→
φ
k;i, j
0
←→ A ←→ A
←
→
φi, j
From the cocycle conditions (8.8), we see that there are natural isomorphisms of
maps of Lie groupoids
φ
i;i , j
• ◦ φ
i; j,i
•  id; φ
i;i , j
• ◦ φ
i; j,k
• ◦ φ
i;k ,i
•  id .
Since E i;i , j
0
is connected and E i;i , j• has the structure of an action groupoid of the
discrete group ∂(Q)/Λi, for all x ∈ E i;i , j
0
we have
(φ
i;i , j
0
◦ φ
i; j,i
0
)(x)  ∂(q) · x
for some q ∈ Q. Similarly, for all x ∈ E i;i , j
0
,
(φ
i;i , j
0
◦ φ
i; j,k
0
◦ φi;k ,i
0
)(x)  ∂(r) · x.
for some r ∈ Q. From this, there are constants c, d ∈ R and q, r ∈ Q, so that for all
x ∈ Ui , j and all y ∈ Ui , j,k,
f i , j(x) + f j,i(x)  c + 〈∂(q), x〉; f i , j(y) + f j,k(y) + f k ,i(y)  d + 〈∂(r), y〉.
From a sheaf-theoretic argument as in the proof of Proposition 7.3 of [17], there are
smooth functions f i : Ui → R so that for any x ∈ Ui , j ,
(8.10) f i(x) − f j(x)  f i , j(x) + c + 〈v , x〉
for some c ∈ R and v ∈ ∂(Q)which depend only on the indices i, j.
Now, taking pullbacks of (8.9), the diagram 2-commutes:
E
i , j
0
E
i , j
0
E i
0
×X E
j
0
X′
E
j,i
0
E
j,i
0
←
→
φ
i, j
0
←→ A′
← →
←→
⇐
⇐
← →A′
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Let φi
0
: E i
0
→ E i
0
be the time 1 flow of the Hamiltonian vector field of f i ◦µEi
0
. Then
by (8.10), the diagram 2-commutes:
E
i , j
0
E
i , j
0
E i
0
×X E
j
0
X′
E
j,i
0
E
j,i
0
←
→
φi
0
←→ A′
← →
←→
←
→
φ
j
0
← →A′
So, there is a map φi× j
1
: E i
0
×X E
j
0
→ E i
0
×X′ E
j
0
making the following diagram
commute:
(8.11)
E i
0
E i
0
E i
0
×X E
j
0
E i
0
×X′ E
j
0
E
j
0
E
j
0
←
→
φi
0
← →
←→
←
→
φ
i× j
1
←→
← →
←
→
φ
j
0
By construction, any choice of φi× j
1
respects the source and target maps:
s(φ
i× j
1
(α))  φi
0
(s(α)); t(φi× j
1
(α))  φ
j
0
(t(α)).
Recall that, due to Lemma 8.6, we have assumed ker ∂  0. In this case, by Theorem
4.8, an arrowα ∈ X1 in the regular locus of µX1 (or anarrowα
′ in the regular locus of
µX′
1
) is uniquely determined by its source s(α) and target t(α). By Definition 3.2(v),
the regular locus of µX1 is dense in X1 and so there are uniquemaps φ
i× j
1
which fit
into the diagram (8.11). These maps together respect the groupoid structure and
G• action on X•. By Theorem 7.2, the maps φi×i1 are diffeomorphisms. So, the φ
i× j
1
assemble to an isomorphism of Hamiltonian G• groupoids X•  X′•. QED
9. Existence and deformations of compact toric symplectic stacks
In this section we study smooth deformations of stacky moment polytopes
and toric stacks, depending on a parameter τ ∈ (0, 1). By extending Delzant’s
construction in [7] we show that any deformation of stacky moment polytopes
arises from a deformation of toric stacks. In particular, by taking the constant
deformation of a moment polytope one finds that any stacky moment polytope
comes from a toric stack.
Deformations of Lie groupoids were introduced and studied in a more general
context by Crainic, Mestre, and Struchiner [5].
9.1.Definition. A deformation of stacky tori is a bundle of stacky Lie groups
pG : G→ (0, 1)
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so that Gτ : p−1
G
(τ) is a stacky torus. More precisely, G → (0, 1) is a stacky Lie
groupoid in the sense of Definition 3.1 of [4], with the additional property that the
source and target maps are both equal to pG.
We will consider deformations of stacky tori which arise in a particular way, as
follows. Fix a finitely generated abelian group Q and an isomorphism Q  R×Zm ,
where R is the torsion part of Q. Let ∂•
i
: (0, 1) → Rn , i ∈ {1, . . . , m}, be smooth
paths in Rn . For a given τ ∈ (0, 1), the vectors ∂τ
i
determine a homomorphism
∂τ : Q  R × Zm → Rn ; (r, x1, . . . , xm) 7→ x1∂τ1 + · · · + xm∂
τ
m
and hence a stacky torus. We therefore have a deformation of stacky tori, presented
by the action groupoid
Q ⋉ (Rn × (0, 1))⇒ Rn × (0, 1),
where the action of Q on Rn × (0, 1) is
h · (x , τ)  (∂τ(h) + x , τ); h ∈ Q , (x , τ) ∈ Rn × (0, 1).
We will denote this deformation by B(∂• : Q → Rn). Notice that the Lie algebra of
the stacky torus B(∂τ : Q → Rn) is constant with respect to τ.
9.2. Definition. Fix a deformation of stacky tori G  B(∂• : Q → Rn), with Lie
algebra g  Lie(Gτ). A deformation of stacky moment polytopes is a 1-parameter
family
(∆τ ,Gτ , {Λτf } f ∈F , {q f } f ∈Fmax , {L
τ
f } f ∈Fmax ); τ ∈ (0, 1)
so that (∆τ ,Gτ , {Λτ
f
} f ∈F) is a decorated stacky moment polytope at any given τ,
and which satisfies the following conditions:
(i) The set of F labeling the faces of ∆τ is constant with respect to τ.
(ii) For each facet f ∈ Fmax , there is a fixed q f ∈ Q, so that so that at a given
τ ∈ (0, 1), the group Λτ
f
is generated by λτ
f
: ∂τ(q f ).
(iii) For each facet f ∈ Fmax , there is a smooth function L•
f
: (0, 1) → R so that
the polytope ∆τ is cut out by inequalities
∆
τ
 {ξ ∈ g∗ | 〈ξ, λτ
f
〉 ≤ Lτ
f
, ∀ f ∈ Fmax}
at a given τ ∈ (0, 1).
By perturbing slightly the quasilattice of a stacky moment polytope, we imme-
diately have the following.
9.3. Proposition. Any decorated stacky moment polytope (∆,B(∂ : Q → Rn), {Λ f } f ∈F)
admits a deformation to a decorated stackymoment polytope (∆′,B(∂′ : Q → Rn), {Λ′
f
} f ∈F),
so that ∆′ is rational with respect to Zn ⊂ Rn , and the image of ∂′ is Zn .
9.4. Example (Figure 9.4). Let n  2 and Q  Z3, with standard generators e1 , e2 , e3
sent to ∂τ
1
, ∂τ
2
, and ∂τ
3
, respectively. We describe a deformation of stacky moment
polytopes where ∆ is a right triangle, with sides labeled f1 , f2 , f3. Let q fi  ei , and
fix the normal vectors
∂τ
1
 λτf1  −(1, 0) ∈ R
2; ∂τ
2
 λτf2  −(0, 1) ∈ R
2.
Let Lτ
f1
 Lτ
f2
 0, and let Lτ
f3
> 0 be constant. The third side’s normal vector
∂τ
3
 λτ
f3
∈ R2>0 will vary smoothly in τ. By picking a smooth path from an
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f1
f3
f2
λ0
f1
λ0
f2
λ0
f3
λ1
f3
Figure 2. Example 9.4. The normal vector λτ
f3
to the side f3 is
smoothly nudged, taking an irrational polytope to a rational one.
The grid is the integer lattice Z2.
irrational ∂0
3
∈ (R2>0)\Q
2
>0 to a rational ∂
1
3
∈ Q2>0 we get a deformation from an
irrational triangle to a rational triangle. Note however we have Q  Z3 throughout.
9.5. Definition. Fix a deformation of stacky tori G  B(∂• : Q → Rn), with Lie
algebra g  Lie(Gτ). A deformation of toric stacks is a tuple
(X, pX : X→ (0, 1),G, pi, µ : X→ g∗),
where X is a (2n + 1)-dimensional étale stack, pX : X → (0, 1) is a surjective sub-
mersion as in [4, Definition 2.9], there is a left action G ×(0,1) X → X of G on X
as in [4, Definition 3.15], and pi is a bivector field on X. We impose the following
requirements. First, for each τ ∈ (0, 1), the bivector field pi restricted to the fiber
Xτ  p−1
X
(τ) must take values in ∧2TXτ. Second, for each τ ∈ (0, 1), there must
exist a symplectic form ωτ ∈ Ω2(Xτ) so that ω˜τ  (p˜i |Xτ )−1, where
p˜i |Xτ : Ω
1(Xτ) → Vect(Xτ); ω˜τ : Vect(Xτ) → Ω1(Xτ)
are the linear maps induced by contraction with pi |Xτ andωτ, respectively. Finally,
the tuple
(Xτ ,ωτ ,B(∂τ : Q → Rn), µτ  µ|Xτ )
must be a compact toric symplectic stack.
9.6. Theorem. LetG  B(∂• : Q → Rn) be a deformation of stacky tori, with Lie algebra
g  Lie(Gτ)  Rn . Let (∆τ ,Gτ , {Λτ
f
} f ∈F , {q f } f ∈Fmax , {L f } f ∈Fmax ) be a deformation of
stacky moment polytopes. Then, there exists a deformation of toric stacks
(X, pX : X→ (0, 1),G, pi, µ : X→ g∗)
so that for any τ ∈ (0, 1), the decorated stacky moment polytope of (Xτ ,ωτ ,Gτ , µτ) is
(∆τ ,Gτ , {Λτ
f
} f ∈F).
Proof. Let d  |Fmax | be the number of facets of ∆τ, and enumerate the facets
f1 , . . . , fd . Let qi : q fi , and let λ
τ
i
: λτ
fi
 ∂τ(qi). Consider the Morita morphism
32 BENJAMIN HOFFMAN
of Lie groupoids
λ∗(Q ⋉ (Rn × (0, 1))) Q ⋉ (Rn × (0, 1))
Rd × (0, 1) Rn × (0, 1)
←→ ←→
←
→
←→ ←→
←
→
λ
where, for the standard basis vectors e1 , . . . , ed of Rn , we define
λ
(∑
i
ai ei , τ
)

(∑
i
aiλ
τ
i , τ
)
.
We will sometimes write λτ(x)  λ(x , τ). At a fixed τ ∈ (0, 1), this map of Lie
groupoids restricts to a Morita morphism of Lie 2-groups λ∗(Q ⋉ (Rn × {τ})) →
Q ⋉ (Rn × {τ}).
Consider the bundle (over (0, 1)) of Lie 2-groups, which is the direct product of
the pair groupoid Zd × Zd ⇒ Zd and the trivial groupoid (0, 1)⇒ (0, 1). There is a
naturallydefined embedding of this bundle of Lie 2-groups into λ∗(Q⋉(Rn×(0, 1))).
On arrows, the embedding is
Zd × Zd × (0, 1) ֒→
(
Rd × (0, 1)
)
×λ,Rn×(0,1),s
(
Q ⋉ (Rn × (0, 1))
)
×t ,Rn×(0,1),λ
(
Rd × (0, 1)
)
(∑
i
ai ei ,
∑
i
bi ei , τ
)
7→
((∑
i
ai ei , τ
)
,
(∑
i
(bi − ai)qi ,
∑
i
aiλ
τ
i , τ
)
,
(∑
i
bi ei , τ
))
.
For a given τ, the image of Zd × Zd × {τ} ⇒ Zd × {τ} is a Lie 2-subgroup of
λ∗(Q ⋉ (Rn × {τ})). The quotient
λ∗(Q ⋉ (Rn × (0, 1)))/(Zd × Zd × (0, 1))
Rd/Zd × (0, 1)
←→ ←→
is isomorphic to the bundle (over (0, 1)) of Lie 2-groups N ×(0,1) (Rd/Zd × (0, 1))⇒
Rd/Zd × (0, 1). Here,
N  s−1(0, (0, 1)) ⊂ λ∗(Q ⋉ (Rn × (0, 1)))/(Zd × Zd × (0, 1))
is a smooth manifold with a submersion pN : N → (0, 1). Each fiber Nτ  p−1N (τ)
is a Lie subgroup of λ∗(Q ⋉ (Rn × {τ})))/(Zd × Zd × {τ}), and so for each τ the
target map t restricts to a Lie group homomorphism ατ : Nτ → Rd/Zd . At a fixed
τ ∈ (0, 1), the subgroupoid of N ×(0,1) (Rd/Zd × (0, 1))⇒ Rd/Zd × (0, 1) over τ has
the following Lie 2-group structure:(
N ×(0,1) (R
d/Zd × {τ})⇒ Rd/Zd × {τ}
)

(
Nτ ⋉ Rd/Zd ⇒ Rd/Zd
)
.
Let nτ  Lie(Nτ) for some τ ∈ (0, 1). Its isomorphism type is constant in τ.
The bundle of Lie 2-groups N×(0,1) (Rd/Zd×(0, 1))⇒ Rd/Zd×(0, 1) is a groupoid
presentation of G. What’s more, the map ατ is an immersion, and so for a fixed
τ ∈ (0, 1)we have a short exact sequence
0 nτ Lie(Rd) g 0←→ ←→
Lie(ατ)
←
→
Lie(λτ)
←
→
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For any τ, there is a canonical isomorphism Lie(Rd)/nτ  g. Dually, we have the
short exact sequence
0 g∗ Lie(Rd)∗ (nτ)∗ 0←→ ←→
Lie(λτ)∗
←
→
Lie(ατ)∗
←
→
and the isomorphism ann(nτ)  g∗.
Consider thePoissonmanifoldM  Cd×(0, 1),with coordinates z1 , z1, . . . , zd , zd , τ,
and bivector field
πM  2i
d∑
j1
∂
∂z j
∧
∂
∂z j
.
Let pM : M → (0, 1) be the projection to the last coordinate. There is a Hamiltonian
action of Rd/Zd on M,
(a1 , . . . , ad) · (z1 , . . . , zd , τ)  (e
2πia1z1 , . . . , e
2πiad zd , τ)
with moment map
µM(z1 , . . . , zd , τ) 
∑
j
(−π|z j |
2
+ Lτj )e
∗
j ,
where the vectors {e∗
i
} are the dual to the standard basis {ei} ⊂ g  Rn .
Let
X  {(z, τ) ∈ M | Lie(ατ)∗ ◦ µM(z, τ)  0}.
Then X is a smooth manifold and the projection pX  pM |X : X → (0, 1) is a proper
submersion. There is an action of N → (0, 1) on X → (0, 1), which is
N ×(0,1) X → X
(n, τ) · (z, τ)  (ατ(n) · z, τ).
Let Xτ  p−1
X
(τ). Consider the groupoid N ×(0,1) X ⇒ X, which over a fixed
τ ∈ (0, 1) is the action groupoid Nτ ⋉ Xτ ⇒ Xτ. We consider N ×(0,1) X ⇒ X as a
bundle of Lie groupoids over (0, 1), with structure map pX : X → (0, 1). There is
an action of the bundle of Lie 2-groups N ×(0,1) (Rd/Zd × (0, 1))⇒ (Rd/Zd × (0, 1))
on N ×(0,1) X ⇒ X. On arrows, the action is
(N ⋉ (Rd/Zd × (0, 1))) ×(0,1) (N ×(0,1) X) → N ×(0,1) X
((n, g , τ), (n′, z, τ)) 7→ (nn′, g · z, τ).
Then, it is straightforward to check that the Lie groupoid N ×(0,1) X ⇒ X, together
with the map pX , the action of N×(0,1) (Rd/Zd×(0, 1))⇒ Rd×(0, 1), the N-invariant
bivector πM |X , and the moment map µX  µM |X present a deformation of toric
stacks (X, pX ,G, pi, µ).
For a given τ, the stacky moment polytope of Xτ is (∆τ ,Gτ , {Λτ
f
} f ∈F). We will
verify that the lattices given by (5.3) coincide with the Λτ
f
. We leave the rest of
the verification (which is similar to the verification in [17] and [7]) to the reader.
It is enough to consider the lattices Λτv for vertices v ∈ V of ∆
τ; without loss of
generality assume v  f1 ∩ f2 ∩ · · · ∩ fn . Consider the linear section σ0 : Rn → Rd
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of λτ which is given on generators by λτ
i
7→ ei , for i  1, . . . , n. Then together with
σ1 : Q ⋉ (Rn × {τ}) →
(
Rd × {τ}
)
×λ,Rn×(0,1),s
(
Q ⋉ (Rn × {τ})
)
×t ,Rn×(0,1),λ
(
Rd × {τ}
)
(q, x , τ) 7→
(
(σ0(x), τ), (q, x , τ), (σ0(∂
τ(q) + x), τ)
)
,
the Lie 2-group morphism σ• : Q ⋉ (Rn × {τ}) → (λτ)∗(Q ⋉ (Rn × {τ})) is a Morita
morphismofLie 2-groups. Since the actionof (λτ)∗(Q⋉(Rn×{τ}))onNτ⋉Xτ ⇒ Xτ
is Hamiltonian, by applying σ• to Q ⋉ Rn  Q ⋉ (Rn × {τ}), one arrives at a
Hamiltonian action of Q ⋉Rn ⇒ Rn on Nτ ⋉ Xτ ⇒ Xτ. This presents the action of
Gτ on Xτ.
Let x ∈ µ−1X (v) ∩ X
τ, then
σ0(R
n) 
⊕
i1,...,n
Rei ⊂ stabRd (x).
The point x ∈ Xτ is then stabilized under this action of Rn . So we may restrict
the action of Q ⋉ Rn ⇒ Rn on Nτ ⋉ Xτ ⇒ Xτ to the subgroupoid (Nτ ⋉ Xτ)|x 
(stabNτ (x) ⋉ {x} ⇒ {x}). This is a presentation of the action of G
τ on Xτ |x . Then,
by the description of Λτv in the proof of Proposition 5.4,
Λ
τ
v  ∂
τ
(
ker(Q → stabNτ (x))
)
 ∂τ
( ⊕
i1,...,n
Zqi
)

⊕
i1,...,n
Zλτi .
From this it follows the subgroup of ∂(Q) attached to any facet fi is indeed Λτi .
QED
Recall from Remark 6.2 that a compact toric symplectic stack (X,ω,G, µ) is a
compact toric symplectic orbifold if G  Rn/Zn and X is an effective proper stack.
An ineffective compact toric symplectic orbifold is a compact toric symplectic stack of
the form
(B(R ⇒ ⋆) × X,ω,B(R ⇒ ⋆) ×G, µ),
where (X,ω,G, µ) is a compact toric symplectic orbifold and R is a finitely gener-
ated abelian group. Combining Proposition 9.3 and Theorem 9.6 gives the follow-
ing.
9.7. Corollary. Any compact toric symplectic stack admits a deformation to an ineffective
compact toric symplectic orbifold.
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